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ABSTRACT OF THE DISSERTATION 
In  t h i s  d i s s e r t a t i o n  a  s i mpl e  H am i l t on i a n  fo r  a  s ys t em  o f  i n t e r -
a c t i n g  m o l e c u l e s  a n d  r a d i a t i o n  f i e l d  i s  d e v e l o p e d  f r o m  a  m o d e l  o f  
N  T w o - L e v e l  M o l e c u l e s  i n t e r a c t i n g ,  v i a  a  d i p o l e  a p p r o x i m a t i o n ,  
w i t h  a  s i n g l e  m o d e ,  q u a n t i z e d  r a d i a t i o n  f i e l d .  T h e  e x a c t  
e i g e n v a l u e s  a n d  e i ge n v e c t o r s  o f  t h i s  H a m i l t o n i a n  a r e  c o m p a r e d  w i t h  
a n a l y t i c a l  r e s u l t s  o b t a i ne d  f rom  se v e r a l  d i f f e r e n t  ap p rox im a t io n  
s c h em es  ap p l i e d  t o  t h e  s imple model .  The consequence of  this  
comparison is  the development  o f  v a l i d i t y  c r i t e r i a  f o r  t h e  u t i l i z a t i o n  
o f  t h e s e  a p p r o x i m a t i o n  s c h e m e s  t o  m o r e  d i f f i c u l t  p r o b l e m s .  F o r  
e x a m p l e ,  a n  a n a l y s i s  d o n e  h e r e  indicates that  using an independent 
molecule approximation in an explanation of the "build up" of coherent  
radiation in a gas laser (maser )  ma y be  i nappropr i a t e .  
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CHAPTER I: INTRODUCTION 
A n  i n s i g h t  i n t o  t h e  c o l l e c t i v e  i n t e r a c t i o n s  o f  a  s ys t e m  o f  
a t o m s  o r  m o l e c u l e s  w i t h  a n  e l e c t r o m a gn e t i c  f i e l d  i s  i m p o r t a n t  f o r  a  
p r o p e r  u n d e r s t a n d i n g  o f  s u c h  d e v i c e s  a s  a  l a s e r  ( m a s e r ) ,  s i n c e  
t h e s e  i n t e r ac t ions  lead  to  in teres t ing phenomena such  as  the  genera t ion  
of  coherent  r ad i a t i o n .  M a n y a u t ho rs (1 ,2 ,3 ,4 )  h a v e  a t t e mpt ed  t o  ex p l a i n  
t h e  c om p l i c a t e d  l a s e r  p h e n o m e n a  b y  u s i n g  v a r i o u s  a p p r o x i m a t i o n s  
i n  d e a l i n g  wi th  t he  molecule  p lus  f i e ld  in t e rac t ions .  A l though  these 
a t t empts  have  b e e n  f a i r l y  s u c c e s s f u l ,  t h e  v a l i d i t y  o f  t h e s e  
a p p r o x i m a t i o n s  h a s  n o t  been  fu l l y es t ab l i shed .  
In  t h i s  d i s s e r t a t i on ,  w e  d o  no t  a t t empt  t o  so lv e  a  p ro b l em  as  
c o m p l i c a t e d  a s  t h a t  o f  a  l a s e r  s ys t e m .  I n s t e a d ,  w e  h a v e  t r e a t e d  t h e  
s i m p l e r  p r o b l e m  o f  N  T w o - L e v e l  M o l e c u l e s  ( T L M s )  i n t e r a c t i n g  
w i t h  b u t  a  s i n g l e  m o d e ,  q u a n t i z e d  r a d i a t i o n  f i e l d .  P u m p i n g  a n d  
r a d i a t i o n  l o s s  f r o m  t h e  c a v i t y ,  w h i c h  c h a r a c t e r i z e  t h e  i n t e r a c t i o n  
o f  t h e  l a s e r  s ys t e m  w i t h  t h e  " o u t s i d e , "  h a v e  b e e n  i g n o r e d ;  t h e  
s ys t e m  c o n s i d e r e d  h e r e  i s  a s s u m e d  t o  b e  c o m p l e t e l y  s e l f -
c o n t a i n e d .  S i n c e  w e  h a v e  u s e d  a n  id e a l i z e d  m o d e l  f o r  t h e  m o l e c u l e  
p l u s  f i e l d  i n t e r a c t i o n s ,  i t  h a s  b e e n  p o s s i b l e  t o  f i n d  a n  e x a c t  
s o l u t i o n .  S e v e r a l  a p p r o x i m a t i o n s  a r e  a l s o  us e d  t o  s o lv e  t h e  s am e  
p r ob le m,  an d  in  t h i s  m a nn e r  w e  h av e  d e t e r min e d  t h e  v a l i d i t y  o f  t h e  
a p p r o x i m a t i o n s ,  a t  l e a s t  f o r  t h i s  s y s t e m .  T h e s e  v a l id i t y  c r i t e r i a  
a r e  l i k e l y  t o  b e  ap p l i c a b l e  t o  s imi l a r  bu t  m o re  r e a l i s t i c  s ys t e m s .  F o r  
e x a m p l e ,  i t  h a s  b e e n  c l a i m e d ( 5 )  t h a t  t h e  a p p r o x i m a t i o n  o f  t r e a t i n g  
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eac h  molecu le  as  i n depend en t  o f  one  a no ther  whe n  in t e r a c t i n g  w i t h  a  
r a d i a t i o n  f i e l d  c a n  e x p l a i n  t h e  b u i l d u p  o f  c o h e r e n t  r a d i a t i o n  i n  a  
l a s e r .  H o w e v e r ,  t h e  a n a l ys i s  p r e s e n t e d  h e r e  i n d i c a t e s  t ha t  t h i s  
approx imat ion  ma y no t  be  val id .  
I t  i s  hoped  tha t  t h i s  development  wi l l  l ead  to  a  more  
comple t e  unders t and ing  o f  t he  coopera t ive  e f fec t s  ex i s t ing  in  t he  
molecu la r  p lus  f i e l d  i n t e r a c t i o n s ,  s u c h  a s  t h e  g e n e r a t i o n  o f  
c o h e r e n t  l i g h t .  In d e e d  i t  i s  found tha t  under  ce r t a in  cond i t ions  the  
exact  ground  s ta t es  o f  th i s  s imple  p roblem show a  s t ron g  
resemblance  to  the  s ta t es  of  the  coherent  r ad i a t i on  f i e ld (6) i n  t ha t  
bo th  s t a t es  exh ib i t  a  Po is son  pho ton  number  d i s t r i b u t i o n  a n d  n e a r -
c l a s s i c a l  d i s p e r s i o n  i n  p h o t o n  n u m b e r ,  i . e .  , the mean square 
deviat ion in  photon number i s  equal  to  the average number of  
photons.  
F i n a l l y ,  t h e  s t a t e s  d e v e l o p e d  h e r e  m a y  b e  u s e d  a s  a  b a s i s  
s e t  f o r  w h i c h  s t a t e s  o f  m o r e  r e a l i s t i c  m o d e l s  m a y b e  e x p a n d e d ,  
a l t h o u g h  t h i s  i s  no t  a t t em pt e d  i n  t h i s  d i s s e r t a t i on .  
S i m i l a r  p r o b l e m s  h a v e  b e e n  t r e a t e d  b e f o r e .  N e a r l y  f i f t e e n  
y e a r s  a g o ,  D i c k e ( 7 )  c o n s i d e r e d  a  s i m i l a r  p r o b l e m .  H e  w a s  o n e  o f  t h e  
f i r s t  a u t h o r s  t o  r e a l i z e  t h e  i m p o r t a n c e  o f  t r e a t i n g  t h e  a s s e m b l y  o f  
r a d i a t i n g  molecu les  a s  a  s ing l e  quan tum s ys t em on  the  grounds  t ha t  
t he  molecu les ,  w h i c h  a r e  i n t e r a c t i n g  w i t h  a  c o m m o n  r a d i a t i o n  f i e l d ,  
s h o u l d  n o t  b e  t r ea t ed  as  i ndependen t .  Even  though  h i s  r e su l t s  were  
ob t a ined  through  t h e  u s e  o f  f i r s t  o r d e r  p e r t u r b a t i o n  t h e o r y  ( F e r m i ' s  
G o l d e n  R u l e ) , w h i c h  i s  v a l i d  for  t imes shor t  compared  to  the  t rans i t ion 
t ime,  he  was  ab le  to  d e m o n s t r a t e  c o o p e r a t i v e  p h e n o m e n a  b e t w e e n  t h e  
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m o l e c u l e s .  H e  s h o w e d  t h a t  t h e  s p o n t a n e o u s  e m i s s i o n  r a t e  o f  a  g r o u p  
o f  r a d i a t i n g  m o l e c u l e s  i s  p r o p o r t i o n a l  t o  N 2  w h e r e  N  i s  t h e  n u m b e r  
o f  m o l e c u l e s .  A s  i s  w e l l  k n o w n ,  a n  i n d e p e n d e n t  m o l e c u l e  m o d e l  
l e a d s  t o  a  t r a n s i t i o n  r a t e  a l w a ys  p r o p o r t i on a l  t o  N .  Al th o u gh  n o t  o f  
i mm ed ia t e  i n t e re s t  t o  t h i s  d i s s e r t a t i o n ,  e x c e p t  i n  a  p e r i p h e r a l  w a y,  a  
n u m b e r  o f  i n t e r e s t i n g  r e s u l t s  s t a t ed  b y Di cke  a r e  de r ived  in  Append ix  
D .  As  s t a t ed  be f o re ,  t he  mode l  p rob le m i s  so lved  ex ac t l y ,  w i thou t  t he  
use  o f  pe r tu rb a t ion  theo r y.  More  r e c e n t l y  K .  W .  H .  S t e v e n s  a n d  B .  
J o s e p h s o n ,  J r . ( 8 ) ,  h a v e  c o n s i d e r e d  a  s i m i l a r  t h o u g h  s l i gh t l y  m o r e  
c o m p l e x  p r o b l e m .  T h e i r  r e s u l t s ,  t h o u gh  e x a c t ,  w e r e  o b t a i n e d  f o r  
o n l y  a  s m a l l  n u m b e r  o f  m o l e c u l e s .  
A  s u m m a r y  o f  t h e  m a i n  b o d y  o f  t h e  d i s s e r t a t i o n  f o l l o w s :  I n  
C h a p t e r  I I  t h e  c o m p l ex  H a m i l t o n i a n  o f  a  m o l e c u l e  p l u s  f i e l d  
i n t e r a c t i o n  i s  r e d u c e d  t o  a  s i m p l e  H a m i l t o n i a n .  T h e  s t e p s  u s e d  
a r e  g i v e n .  F i r s t  t h e  c l a s s i c a l  H a m i l t o n i a n  f o r  a  c h a r g e d  p a r t i c l e  
i n t e r a c t i n g  w i t h  a n  e l e c t r o m a gn e t i c  f i e l d  i s  w r i t t e n .  T h e  c h a n g e  
f r o m  c l a s s i c a l  t o  q u a n t u m  p h ys i c s  i s  m a d e  a n d  t h e  s i n g l e  p a r t i c l e  
H a m i l t o n i a n  i s  g e n e r a l i z e d  t o  o n e  f o r  N  n e u t r a l  m o l e c u l e s ,  e a c h  
m o l e c u l e  c o n s i s t i n g  o f  M  p a r t i c l e s .  Approx imat ions  are  made to  
s impl i f y t h i s  Hami l toni an .  The main  s im p l i f i c a t i o n s  a r e  i n  t h e  u s e  o f  
t h e  d i p o l e  a p p ro x im a t i o n  i n  t he  i n t e r a c t i o n  t e r m s  o f  t h e  
H a m i l t o n i a n ,  i n  c o n s i d e r i n g  t h a t  e a c h  m o l e c u l e  h a s  o n l y  t w o  e n e r g y  
l e v e l s ,  t h a t  t h e  m o l e c u l e s  i n t e r a c t  w i t h  o n l y  o n e  m o d e  o f  t h e  
r a d i a t i o n  f i e l d ,  a n d  t h a t  e a c h  m o l e c u l e  i n t e r a c t s  w i t h  e x a c t l y  t h e  
s a m e  e l e c t r i c  f i e l d .  T h e  r e a s o n  f o r  t h i s  d e v e l o p m e n t  i s  t o  p o i n t  o u t  
t h e s e  m a n y a p p r o x i m a t i o n s  n e c e s s a r y  t o  r e a c h  t h e  f i n a l  f o r m  o f  t h e  
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H a mi l to n i an  ( 2 .3 7 ) ,  a n d  i n  t h e  u s e  o f  o p e r a t o r s  an d  s t a t e s  w h i ch  a r e  
f o r m a l l y  i d e n t i c a l  t o  t h o s e  d e v e l o p e d  f o r  t r e a t i n g  a  s ys t e m  o f  s p in -
1 /2  p a r t i c l es (7).  
In  C h a p te r  I I I  t h e  H a mi l to n i an  ( 2 . 37 )  i s  f u r th e r  s imp l i f i e d  b y  
i gn o r i n g  t e r m s  w h i c h  d e s c r i b e  t h e  e f f e c t  o f  a  s i m u l t a n e o u s  
a b s o r p t i o n  o f  a  p h o t o n  a n d  d e - e x c i t a t i o n  o f  o n e  T LM  o r ,  
c o n v e r s e l y ,  t h e  e f f e c t  o f  a  p h o t o n  e m i s s i o n  a n d  T L M  e x c i t a t i o n .  
T h i s  n e w  H a m i l t o n i a n  ( 3 . 1 )  s t i l l  c o n t a i n s  a l l  o f  t h e  d e g e n e r a c y  o f  
t h e  p r o b l e m  w h i c h  h a s  m a d e  t h e  p e r t u r b a t i o n  t r e a t m e n t  o f  t h e  
p r o b l e m  s o  d i f f i c u l t ( 9 ) .  H o w e v e r ,  t h e  p r o b l e m  i s  a m e n a b l e  t o  e x a c t  
t r e a t m e n t  b y a g a i n  a p p l y i n g  t h e  s p i n - 1 /2  fo rmal i sm,  n a mel y tha t  o f  
t he  a l geb r a  o f  t h e  gr oup  SU (2) .  S ince  the  Hami l tonian  for  N sp in-1 /2 
par t ic les  interac t ing wi th  a  s ingle  mode rad i a t i on  f i e ld  f ac to r s  i n to  t he  
i r r educib l e  r ep resen ta t i ons  o f  t he  group  SU ( 2) ,  t h e  o r i g i n a l  p r ob lem 
o f  d i a gon a l i z in g  a  m at r ix  o f  d i m en s ion  2 N reduces  t o  d i a gon a l i z a t i on  
o f  ma t r i c es  of  order  2r+1,  where  𝑟𝑟 ≤ 𝑁𝑁/2   is ca l l ed  the  "coopera t ion  
number"  and  i s  the  analogue o f  the  t o t a l  angula r  m o m e n t u m ,  S ,  f o r  a  
s y s t e m  o f  s p i n s .  T h e  d i a g o n a l i z a t i o n  o f  t h e s e  s m a l l e r  m a t r i c e s  i s  
r e d u c e d  t o  a  f i n i t e  d i f f e r e n c e  e q u a t i o n  w i t h  s p e c i f i e d  b o u n d a r y  
c o n d i t i o n s .  A  d i sc u s s i o n  o f  m o s t  o f  t h e  a s s u m p t i on s  u s e d  i n  
o b t a i n i n g  e q .  ( 3 . 1 )  i s  a l s o  g i v e n  i n  C ha p t e r  I I I .  
In  Chapter  IV this  di fference equation is  solved exactly in  closed 
f o rm  f o r  t h e  e i ge n v a l u es  an d  v e c t o r s  fo r  t h e  co r r e l a t e d  s ys t em 
( m ol e cu l e  p l u s  f i e l d ) .  U n f o r t u n a t e l y ,  t h e  e x p r e s s i o n s  d e v e l o p e d  
t h e r e  a r e  v e r y  d i f f i cu l t  t o  un d er s t a nd  ex c e p t  g r a ph i c a l l y  a n d  t h e y  
p r e s en t  a  t ed i ou s  numer i c a l  c a l cu l a t i on  wi thou t  t he  use  o f  a  h i gh -
speed  comp ute r .  Ex ac t  s o l u t i on s  a l s o  a f f o r d  a  s t a n d a r d  f o r  
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a p p r o x i m a t i o n .  In  C h a p t e r  V  a n d  Append ix  B severa l  approx imat ions  
a re  made  to  t he  Hami l ton i an  (3 .1 ) .  T h e s e  a p p r o x i m a t i o n s  w e r e  m a d e  
i n  o r d e r  t o  u n d e r s t a n d  t h e  e x a c t  s o l u t i o n s  o f  t h e  p r o b l e m  m o r e  
f u l l y  a n d  t o  h a v e  a  b a s i s  f o r  a n a l yz i n g  the  approx imat ions  used  by 
o the r  au tho rs  in  t he  t r ea tment  o f  l ase r  and  related problems.  
In  C h a p t e r  V I  a  d i s c u s s i o n  o f  t h e  n u m e r i c a l  r e s u l t s ,  i n c l u d i n g  
c o m p a r i s o n s  b e t w e e n  t h e  e x a c t  s o l u t i o n s  a n d  t h e  a p p r o x i m a t i o n s  o f  
S e c t i o n  V ,  i s  g i v e n .  S i n c e  t h e  H a m i l t o n i a n  ( 3 . 1 )  h a s  b e e n  s o l v e d  
e x a c t l y  f o r  t h e  c a s e  w h e r e  t h e  r a d i a t i o n  f i e l d  f r e q u e n c y ,  𝜔𝜔,  i s  n o t  
n e c e s s a r i l y  e q u a l  t o  t h e  e ne r g y l e v e l  sp a c i n g ,  𝛺𝛺, o f  t h e  T LM ,  t he  
e f f e c t  o f  h a v i n g  𝜔𝜔 f a r  f rom 𝛺𝛺  i s  d i s cussed .  
F i n a l l y ,  t h e  m a i n  r e s u l t s  o f  t h i s  d i s s e r t a t i o n  a r e  
s u m m a r i z e d  i n  C h a p t e r  V I I .  T h e  v a l i d i t y  o f  v a r i o u s  
a p p r o x i m a t i o n s  i s  r e v i e w e d  a n d  t h e i r  r e l e v a n c e  t o  m o r e  
c o m p l i c a t e d  p r o b l e m s  i s  d i s c u s s e d .  
T h e  fo rm ul a e  fo r  t h e  e ns em bl e  av e r a ge s  o f  t h e  po s i t i v e  
f r e q ue n c y p a r t  o f  t h e  e l e c t r i c  f i e l d ,  E ( t ) ,  a n d  t h e  p h o t o n  n u m b e r ,  
E E + ( t ) ,  a r e  d e v e l o p e d  i n  A p p e n d i x  F .  T h i s  d e v e l o p m e n t  f o l l o w s  t h e  
a n a l ys i s  u s e d  b y  C u m m i n gs (1 0 )  f o r  t h e  s i n g l e  T w o - Le v e l  M o l e c u l e  
c a s e .  W i t h o u t  m an y s i m p l i f yi n g  a p p r o x im a t i o n s ,  t h e  f o r m u l a e  a r e  
v e r y  t e d i o u s  t o  e v a l u a t e ,  e v e n  w i t h  t h e  f a c i l i t i e s  o f  a  h i gh - s p e e d  
c o m p u t e r .  
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CHAPTER II: DEVELOPMENT OF THE HAMILTONIAN 
A. General Development  
In  th i s  chapter  the  Hami l tonian  for  N Two-Level  Molecules  (TLMs)  
i n t e r a c t i n g  w i t h  a  q u a n t i z e d  e l e c t r o m a gn e t i c  f i e l d  v i a  a  d i p o l e  
a p p r o x im a t i o n  i s  d e v e l o p e d .  T h e  c l a s s i c a l  f o r m  o f  t h e  n o n -
r e l a t i v i s t i c  H a m i l t o n i a n  f o r  a  s i n g l e  p a r t i c l e  o f  m a s s ,  m ,  a n d  
c h a r g e ,  e ,  m o v i n g  i n  an electromagnetic field is given by 
 
𝐻𝐻 −  12𝑚𝑚�?⃗?𝑝 − 𝑒𝑒𝑐𝑐 𝐴𝐴�2 + 𝑒𝑒𝑒𝑒, (2.1) 
 
 
where p is the momentum c o n j u ga t e  t o  t h e  p o s i t i o n  o f  t h e  p a r t i c l e ,  𝐴𝐴 i s  
t h e  m a g n e t i c  v e c t o r  p o t e n t i a l ,  a n d  𝑒𝑒 i s  t h e  s c a l a r  f i e l d .  T h e  
H a m i l tonian is derived in the usual  way( 1 1 ),  i .e. ,  from a classical  
Lagrangian which includes a g e n e r a l i z e d  v e l o c i t y- d e p e n d e n t  p o t e n t i a l  
o b t a i n e d  f r o m  t h e  Lo r e n z  f o r c e  o n  t h e  p a r t i c l e  d u e  t o  t h e  
e l e c t r o m a gn e t i c  f i e l d s  ( E ,  B ) .  E  a n d  B ,  t h e  e l e c t r i c  a n d  m a g n e t i c  
f i e l d s ,  o b e y  M a x w e l l ' s  e q u a t i o n s  
 
𝛻𝛻 ���⃗  𝑥𝑥 𝐸𝐸�⃗ +  1
𝑐𝑐
 𝜕𝜕𝐵𝐵�⃗
𝜕𝜕𝜕𝜕
= 0, (2.2a) 
 
𝛻𝛻 ���⃗  ∙ 𝐵𝐵�⃗ = 4 𝜋𝜋 𝜌𝜌, (2.2b) 
 
𝛻𝛻 ���⃗  𝑥𝑥𝐵𝐵�⃗ −  1
𝑐𝑐
 𝜕𝜕𝐷𝐷�⃗
𝜕𝜕𝜕𝜕
= (4𝜋𝜋j)̅
𝑐𝑐
, (2.2c) 
 
𝛻𝛻 ���⃗  ∙ 𝐵𝐵�⃗ = 0. (2.2d) 
 
 
Equat ion (2.2d)  impl ies  that 
 
𝐵𝐵�⃗ =  𝛻𝛻 ���⃗  𝑥𝑥 𝐴𝐴 ���⃗  , (2.3a) 
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and  Eq.  (2 .2a)  tha t  
 
𝐸𝐸�⃗ =  −𝛻𝛻 ���⃗ 𝑒𝑒 −  1
𝑐𝑐
 𝜕𝜕𝐴𝐴
𝜕𝜕𝜕𝜕
 . (2.3b) 
T h e  co nv e rs i on  f ro m c l as s i ca l  ph ys i c s  t o  q u an t um  ph ys i c s  i s  
a c c om pl ished  by the  rep lacement  of  the  conjugate  momentum,  ?⃗?𝑝,  by 
ћ
𝑖𝑖
𝛻𝛻�⃗ . Fo r  conven i enc e  ?⃗?𝑝 w i l l  be  r e t a ine d  whe rev er  p oss ib l e .  An  
add i t i ona l  p o t e n t i a l  e n e r g y ,  V ,  i s  a d d e d  t o  t h e  H a m i l t o n i a n  i n  
E q .  ( 2 . 1 ) .  T h i s  e n e r g y  m a y b e  r e ga r d e d  a s  t h e  p o t e n t i a l  e n e r g y  
t h a t  b i n d s  t h e  p a r t i c l e s  ( o f  e l e c t r o s t a t i c  o r i g i n  i f  t h e  p a r t i c l e  i s  
a n  e l e c t r o n ) ( 1 2 )  
F i n a l l y ,  t h e  H a m i l t o n i a n  f o r  t h e  s i ng l e  p a r t i c l e  p l u s  f i e l d  i s  
wr i t t en  i n  t he  fo rm 
𝐻𝐻 =  𝐻𝐻𝑚𝑚 +  𝐻𝐻𝐹𝐹 + 𝐻𝐻𝐼𝐼 , 
(2.4) 
where  
𝐻𝐻𝑚𝑚 =  12𝑚𝑚 ?⃗?𝑝2 +  𝑉𝑉 , (2.5a) 
 
𝐻𝐻𝐼𝐼 =  −𝑒𝑒𝑚𝑚𝑐𝑐 𝐴𝐴 ���⃗ ∙ 𝑝𝑝 + 𝑖𝑖 𝑒𝑒 ћ2 𝑚𝑚𝑐𝑐 �𝛻𝛻 ���⃗  ∙ 𝐴𝐴� +  𝑒𝑒22𝑚𝑚𝑐𝑐2 �𝐴𝐴�2 +  𝑒𝑒𝑒𝑒, (2.5b) 
 
a n d  t he  f i n a l  t e rm H f i s  t h e  e n e r g y c o n t e n t  o f  t h e  e l ec t ro m a gn e t i c  
f i e l d  
 
𝐻𝐻𝑓𝑓 =  12𝜋𝜋��𝐸𝐸�⃗ 2 +  𝐻𝐻�⃗ 2�𝑑𝑑3𝑥𝑥. (2.5c) 
 
T h e  Ha mi l to n i an  i s  n ow  ge n e r a l i z ed  to  N  e l e c t r i c a l l y  
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n e u t r a l  m o l e c u l e s  e a c h  c o n t a i n i n g  M  p a r t i c l e s .  T h e  i n t e r a c t i o n  
e n e r g y  o f  t h e  j t h  m o l e c u l e  w i t h  t h e  e l e c t r o m a g n e t i c  f i e l d  c a n  
t h e n  b e  w r i t t e n ( 1 3 )  
 
𝐻𝐻𝐼𝐼𝑗𝑗 =  ��−𝑒𝑒𝑘𝑘𝑚𝑚𝑘𝑘𝑐𝑐 𝐴𝐴(𝑥𝑥𝑘𝑘����⃗ ) ∙ 𝑝𝑝𝑘𝑘 �����⃗ + 𝑖𝑖𝑒𝑒𝑘𝑘ћ2𝑚𝑚𝑘𝑘𝑐𝑐 �𝛻𝛻�⃗ ∙ 𝐴𝐴(𝑥𝑥𝑘𝑘����⃗ )� + 𝑒𝑒𝑘𝑘22𝑚𝑚𝑘𝑘𝑐𝑐 �𝐴𝐴(𝑥𝑥𝑘𝑘����⃗ )�2 +  𝑒𝑒𝑘𝑘𝑒𝑒(𝑥𝑥𝑘𝑘����⃗ )�𝑀𝑀
𝑘𝑘=1
 
(2.6) 
 
By pe r fo rming  a  gauge  t r ans fo rmat ion  
 
𝐴𝐴(𝑥𝑥𝑘𝑘����⃗ ) →  𝐴𝐴(𝑥𝑥𝑘𝑘����⃗ ) +  𝛻𝛻�⃗𝑘𝑘𝛬𝛬 (2.7a) 
  
𝑒𝑒(𝑥𝑥𝑘𝑘����⃗ ) → 𝑒𝑒(𝑥𝑥𝑘𝑘����⃗ ) − 1𝑐𝑐  𝜕𝜕𝛬𝛬𝜕𝜕𝜕𝜕 , (2.7b) 
The interaction Hamiltonian for one molecule becomes 
 
𝐻𝐻𝐼𝐼𝑗𝑗 =  ��−𝑒𝑒𝑘𝑘𝑚𝑚𝑘𝑘𝑐𝑐 �𝐴𝐴(𝑥𝑥𝑘𝑘����⃗ ) + 𝛻𝛻�⃗𝑘𝑘𝛬𝛬� ∙ 𝑝𝑝 ���⃗ 𝑘𝑘 + 𝑖𝑖𝑒𝑒𝑘𝑘ћ2𝑚𝑚𝑘𝑘𝑐𝑐 �𝛻𝛻�⃗ ∙ �𝐴𝐴(𝑥𝑥𝑘𝑘����⃗ ) + 𝛻𝛻�⃗𝑘𝑘𝛬𝛬��𝑀𝑀
𝑘𝑘=1+ 𝑒𝑒𝑘𝑘22𝑚𝑚𝑘𝑘𝑐𝑐 �𝐴𝐴(𝑥𝑥𝑘𝑘����⃗ ) + 𝛻𝛻�⃗𝑘𝑘𝛬𝛬�2 + 𝑒𝑒𝑘𝑘𝑒𝑒(𝑥𝑥𝑘𝑘����⃗ ) − 1𝑐𝑐 𝜕𝜕𝛬𝛬𝜕𝜕𝜕𝜕� 
(2.8) 
 
In  o rde r  to  s impl i f y t h i s  ex press ion ,  A  i s  chosen  such  tha t  
 
𝛻𝛻�⃗𝑘𝑘𝛬𝛬 =  −𝐴𝐴�𝑥𝑥𝚥𝚥���⃗ � ( 2 . 9 )  
 
The  d ipole  approx imat ion  i s  used  a t  t h i s  po in t .  Th is  means  tha t  over  
the  d imens ions  of  the  molecule  the  vector  po tent ia l  may be  assumed 
cons tan t .  Therefore  
 
𝐴𝐴(𝑥𝑥𝑘𝑘����⃗ , 𝜕𝜕) =  𝐴𝐴�𝑥𝑥𝚥𝚥���⃗ , 𝜕𝜕�, ( 2 .10)  
 
where  𝑥𝑥𝚥𝚥 ����⃗  i s  the  center  of  mass  of  the  molecule ,  and  𝛬𝛬 is found to be 
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𝛬𝛬 =  −𝐴𝐴�𝑥𝑥𝚥𝚥���⃗ , 𝜕𝜕� ∙ 𝑥𝑥𝑘𝑘����⃗ . (2.11) 
 
When the  Coulomb gauge i s  appl ied  (no  sources  for  the  e lec t romagnet ic  
f i e ld  𝑒𝑒(𝑥𝑥𝑘𝑘����⃗ ) i s  s e t  equa l  t o  z e ro ;  t he r e fo re ,  
 
𝐸𝐸�⃗ = −1
𝑐𝑐
𝜕𝜕𝐴𝐴
𝜕𝜕𝜕𝜕
, ( 2 . 1 2 )  
A n d  t h e  i n t e r a c t i o n  H a m i l t o n i a n  i s  g i v e n  b y  
𝐻𝐻𝐼𝐼𝑗𝑗 =  𝐸𝐸�⃗ �𝑥𝑥𝚥𝚥���⃗ � ∙�𝑒𝑒𝑘𝑘𝑥𝑥𝑘𝑘����⃗𝑚𝑚
𝑘𝑘=1
 ( 2 . 1 3 )  
T h e  s u m m a t i o n  o v e r  k  i s  e a s i l y  r e c o gn i z e d  a s  b e i n g  t h e  d i p o l e  
m o m e n t  o f  t h e  m ole c u le  an d  
𝐻𝐻𝐼𝐼𝑗𝑗 =  −𝐸𝐸�⃗ �𝑥𝑥𝚥𝚥���⃗ � ∙ 𝜇𝜇𝚥𝚥���⃗ . ( 2 . 1 4 )  
T h e  ge n e r a l  H a mi l to n i a n  f o r  t he  N  mol e c u l es  f o l l o ws  f r om  t he  ab ov e  
𝐻𝐻𝐼𝐼 =  −∑ 𝐸𝐸�⃗ �𝑥𝑥𝚥𝚥���⃗ � ∙ 𝜇𝜇𝚥𝚥���⃗𝑗𝑗 . ( 2 . 1 5 )  
 
B.  Molecular Quantization  
A s  a  f u r t h e r  s i m p l i f i c a t i o n  o f  t h e  p r o b l e m ,  i t  w i l l  b e  a s s u m e d  t h a t  
t h e  N  m ol e cu le s  a re  c o nf in e d  to  a  c a v i t y ,  t h a t  t h e  i n t e r n a l  co o rd in a t es  
o f  t h e  i n d i v i d u a l  m o l e c u l e s  a r e  u n a f f e c t e d  b y  c o l l i s i o n s ,  t h a t  b u t  
t w o  i n t e rn a l  s t a t es  a r e  i nv o l v ed  f o r  ea c h  mo l ec u l e ,  an d  t h a t  t h e  w av e  
f u n c t i on s  o f  t h e  s e p a r a t e  m o l e c u l e s  d o  n o t  o v e r l a p .  T h e  e n e r g y  
l e v e l  s p a c i n g  f o r  each  molecule  i s  t aken  as  ћ𝛺𝛺  w i th  t he  z e ro  o f  
energy ha l f  wa y be tween  t h e  e n e r g y  l e v e l s .  W i t h  t h e s e  a s s u m p t i o n s ,  
t h e  H a m i l t o n i a n  f o r  t h e  m o l e c u l es  i s  g i v e n  b y  
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𝐻𝐻𝑚𝑚 =  𝐻𝐻𝑜𝑜 + ћ𝛺𝛺�𝑅𝑅𝑗𝑗3 ,𝑁𝑁
𝑗𝑗=1
 (2.16) 
 
w h e r e  H o  a c t s  o n  t h e  c e n t e r  o f  m a s s  c o o r d i n a t e s  a n d  
r e p r e s e n t s  t h e  t r a n s l a t i o n a l  a n d  t h e  n o n  e l e c t r o m a g n e t i c  f i e l d  
i n t e r a c t i o n  e n e r g i e s  o f  t h e  m o l e c u l e s .  T h e  i n t e r n a l  e n e r g y  o f  
t h e  j t h  m o l e c u l e ,  ћ𝛺𝛺𝑅𝑅𝑗𝑗3,  h a s  t h e  e i g e n v a l u e s  ± 12 ћ𝛺𝛺. S i n c e  𝐻𝐻𝑜𝑜 a n d  
a l l  t h e  𝑅𝑅𝑗𝑗3’ s  c o m m u t e  w i t h  e a c h  o t h e r ,  t h e  e n e r g y  e i g e n s t a t e s  
o f  t h e  m o l e c u l e s  c o u l d  b e  c h o s e n  t o  b e  s i m u l t a n e o u s  
e i g e n s t a t e s  o f  H o ,  R 1 3 ,  R 2 3 , ∙∙∙,  R n 3 ,  a n d  i s  g i v e n  b y  a  p r o d u c t  
o f  a  s t a t e  r e p r e s e n t i n g  t h e  c e n t e r  o f  m a s s  o f  t h e  m o l e c u l e s  
a n d  a  s t a t e  r e p r e s e n t i n g  t h e  i n t e r n a l  e n e r g i e s  o f  t h e  m o l e c u l e s  
 = |𝐶𝐶𝐶𝐶 > {+ + − +∙∙∙> . (2.17) 
I f  t h e  n u m b e r  o f  +  ( m o l e c u l e  i n  u p p e r  e n e r g y  s t a t e )  a n d  -  
m o l e c u l e  i n  l o w e r  e n e r g y  s t a t e )  i s  d e n o t e d  b y  n +  a n d  n - ,  
r e s p e c t i v e l y ,  t h e n  m  i s  d e f in e d  a s  
𝑚𝑚 = 12 (𝑛𝑛+ − 𝑛𝑛−), (2.18a) 
and 
𝑁𝑁 =  𝑛𝑛+ + 𝑛𝑛−. (2.18b) 
T h e  t o t a l  e n e r g y  o f  t h e  m o l e c u l a r  s y s t e m ,  g i v e n  b y  
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𝐸𝐸𝐶𝐶𝑀𝑀𝑚𝑚 =  𝐸𝐸𝑔𝑔 +  ћ𝛺𝛺𝑚𝑚 . (2.19) 
h a s  a  d e g e n e r a c y  o f  o r d e r  
 
𝑁𝑁!
𝑛𝑛+!𝑛𝑛−! , (2.20) 
due  t o  t he  va r ious  pe rmuta t ions  o f  +  and  -  mo lecu l es .  S ince  t h e  
molec u l e s  h a v e  n o n - o v e r l a p p i n g  w a v e  f u n c t i o n s ,  q u e s t i o n s  o f  
s ym m e t r y  f o r  t h e  c e n t e r  o f  m a s s  s t a t e  a r e  n o t  r e l e v a n t .  I t  w i l l  
a l s o  b e  a s s u m e d  t h a t  C . M. m o t i on  o f  t h e  m ol e cu le s  i s  i n s i gn i f i ca n t  
s o  t h a t  q u es t io ns  co n c e rn i n g  Do pp l e r  e f f e c t s  m a y b e  i gno r e d .  W i th  
t h es e  as sum pt i on s ,  t h a t  pa r t  o f  t he  H ami l ton i an  a nd  s t a t es  o f  t h e  
molecu les  conc ern ing  C .M.  mot ion  and  in t e r ac t ions  wi l l  be  
d i sca rd ed  l e av in g  the  i n t e rna l  s t a t es  o f  t h e  mo l ec u l e s  a s  t h e  
s i gn i f i c an t  p a r t  o f  t h e  p r o b l em.  
It  i s  advantageous  to  employ the analogy between the ± 
molecular  s ys t e m  an d  a  s ys t e m  o f  s p in - 1 / 2  p a r t i c l e s  a nd  d e f i n e  t h e  
o p e r a to r s  𝑅𝑅𝑗𝑗1a n d  𝑅𝑅𝑗𝑗2a lo ng  w i t h  𝑅𝑅𝑗𝑗3a s  
 
𝑅𝑅𝑗𝑗1 �∙∙∙ ±𝑗𝑗 ∙∙∙> = 12� ∙∙∙ ∓𝑗𝑗 ∙∙∙>, 
(2.21)     𝑅𝑅𝑗𝑗2 �∙∙∙ ±𝑗𝑗 ∙∙∙> = ± 12 𝑖𝑖� ∙∙∙ ∓𝑗𝑗 ∙∙∙>, 
𝑅𝑅𝑗𝑗3 �∙∙∙ ±𝑗𝑗 ∙∙∙>= ± 12� ∙∙∙ ±𝑗𝑗 ∙∙∙>. 
 
T h e  op e r a t o r s  
 
𝑅𝑅𝑗𝑗± = 𝑅𝑅𝑗𝑗1 +  𝑖𝑖𝑅𝑅𝑗𝑗2 (2.22) 
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a re  r a i s in g  th e  l o wer in g  o per a to r s  o f  t he  i n t e rn a l  s t a t es  o f  t h e  
molecu le .  A l s o ,  i t  i s  co nv e n i en t  t o  d e f i n e  op e r a t o r s  
 
𝑅𝑅𝑘𝑘 =  �𝑅𝑅𝑗𝑗𝑘𝑘 ,𝑘𝑘 = 1,2,3𝑁𝑁
𝑗𝑗=1
 (2.23a) 
a n d  t h e  o p e r a t o r s  
𝑅𝑅± =  𝑅𝑅1 ± 𝑅𝑅2 (2.23b) 
 
𝑅𝑅2 =  𝑅𝑅12 + 𝑅𝑅22 + 𝑅𝑅32. (2.23c) 
T h e  i n t e r a c t i o n  H a m i l t o n i a n  f o r  a l l  t h e  m o l e c u l e s ,  E q .  ( 2 . 1 5 ) ,  m a y  
be  expressed  in  te rms  of  the opera tors  jus t  developed .  S ince  the  
d ipole  o p e r a t o r  i s  o d d ,  a  ge n e r a l  f o r m  f o r  𝜇𝜇𝑗𝑗 i s  e x p r e s s e d  by  
 
𝜇𝜇𝚥𝚥���⃗ 𝑜𝑜𝑜𝑜 =  〈𝜇𝜇j���⃗ 〉�𝑅𝑅𝑗𝑗+ +  𝑅𝑅𝑗𝑗−� (2.24) 
a n d  
𝐻𝐻𝐼𝐼 =  −�〈𝜇𝜇j���⃗ 〉𝐸𝐸�⃗ �𝑥𝑥j��⃗ ��𝑅𝑅𝑗𝑗+ +  𝑅𝑅𝑗𝑗−�𝑁𝑁
𝑗𝑗=1
. (2.25) 
 
C. Field Quantization 
J aynes  and  Cummings (14 )  have  d i scussed  a  t ype  o f  f i e ld  quan t iz a t i on  
a p p ro p r i a t e  t o  t h e  p r ob le m  co ns id e r ed  h e r e .  Th e i r  b as i c  s t a r t i n g  po in t  
i s  t ha t  the  e l ec t romagne t i c  f i e ld  shou ld  be  expanded in  t e rms  o f  t he  
r esonant  modes  o f  t he  cav i t y under  co ns ide ra t i on  in s t ead  o f  t he  u s u a l  
p l a n e  w a v e  e x p a n s i o n .  T h e  c a v i t y  m a y  b e  r e p r e s e n t e d  b y  a  v o l u m e ,  
V ,  b o u n d e d  b y  a  c l o s e d  s u r f a c e ,  S .  Le t  
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𝐸𝐸�⃗𝜆𝜆(?⃗?𝑥), 𝑘𝑘𝜆𝜆2 =  𝜔𝜔𝜆𝜆2𝑐𝑐2   
 
be  t he  e igen func t ions  and  e igenva lues  o f  the  boundary-va lue  p rob lem 
 
∇�⃗  𝑥𝑥 ∇�⃗  𝑥𝑥 𝐸𝐸�⃗𝜆𝜆 − 𝑘𝑘2𝐸𝐸�⃗𝜆𝜆 = 0 𝑖𝑖𝑛𝑛 𝑉𝑉, 
(2.26) 
𝑛𝑛�⃗  𝑥𝑥 𝐸𝐸�⃗𝜆𝜆 = 0 𝑜𝑜𝑛𝑛 𝑆𝑆, 
 
w h e r e  𝑛𝑛�⃗  i s  a  un i t  v ec t o r  no r ma l  t o  S .  Th e  no rm a l  mo d es  𝐸𝐸�⃗𝜆𝜆(?⃗?𝑥) a n d  
𝐻𝐻�⃗ 𝜆𝜆(?⃗?𝑥),  a re  r e l a t ed  to  one  ano ther  t h rough  Maxwel l ' s  equa t ions  
(2 .2 )  
∇�⃗  𝑥𝑥 𝐸𝐸�⃗𝜆𝜆 = 𝑘𝑘𝜆𝜆𝐻𝐻�⃗ 𝜆𝜆 , 
(2.27) 
∇�⃗  𝑥𝑥 𝐻𝐻�⃗ 𝜆𝜆 = −𝑘𝑘𝜆𝜆𝐸𝐸�⃗𝜆𝜆 , 
are normalized to unity 
 
��𝐸𝐸�⃗𝜆𝜆 ∙ 𝐸𝐸�⃗ 𝜆𝜆′�𝑑𝑑𝑉𝑉 =  𝛿𝛿𝜆𝜆𝜆𝜆′
𝑉𝑉
, 
(2.28) 
��𝐻𝐻�⃗ 𝜆𝜆 ∙ 𝐻𝐻�⃗ 𝜆𝜆′�𝑑𝑑𝑉𝑉 =  𝛿𝛿𝜆𝜆𝜆𝜆′
𝑉𝑉
 . 
 
T h e n  t h e  e l e c t r i c  a n d  m a gn e t i c  f i e l d s  m a y b e  e x p a n d e d  i n  t h e  f o r m s :  
 
𝐸𝐸�⃗𝜆𝜆(?⃗?𝑥, 𝜕𝜕) = √4𝜋𝜋�𝜔𝜔𝜆𝜆𝑞𝑞𝜆𝜆𝐸𝐸�⃗𝜆𝜆(?⃗?𝑥)
𝜆𝜆
, (2.29a) 
 
and 
 
𝐻𝐻�⃗ 𝜆𝜆(?⃗?𝑥, 𝜕𝜕) = −√4𝜋𝜋�𝑝𝑝𝜆𝜆𝐸𝐸�⃗𝜆𝜆(?⃗?𝑥)
𝜆𝜆
, (2.29b) 
 
Us ing  th i s  ex pans ion ,  t he  Hami l ton i an  fo r  t he  f i e ld  a lone  Eq .  (2 .5c )  
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is written 
 
𝐻𝐻𝑓𝑓 = 12�(𝑝𝑝𝜆𝜆2 +  𝜔𝜔𝜆𝜆2𝑞𝑞𝜆𝜆2)
𝜆𝜆
, (2.30) 
T h i s  i s  t h e  f a m i l i a r  h a r m o n i c  o s c i l l a t o r  H a m i l t o n i a n  f o r  w h i c h  
t h e  q u a n t i z a t i on  t e c hn i qu e  i s  w e l l  k no w n  n am el y t h a t  t he  
c a n on ic a l l y  con ju ga t e  coord in a t es  and  moment a  sa t i s f y t he  
commuta t ion  r e l a t i ons  
 [𝑞𝑞𝜆𝜆, 𝑞𝑞𝜆𝜆′] =  [𝑝𝑝𝜆𝜆,𝑝𝑝𝜆𝜆′] = 0, (2.31a) 
and  
 [𝑞𝑞𝜆𝜆, 𝑝𝑝𝜆𝜆′] = 𝑖𝑖ћ𝛿𝛿𝜆𝜆𝜆𝜆′ . (2.31b) 
The  𝑞𝑞𝜆𝜆,  𝑝𝑝𝜆𝜆 a re  now canon ical ly t r ans fo rmed  to  𝑎𝑎𝜆𝜆
† and  𝑎𝑎𝜆𝜆 ,  the  
c rea t ion  and  des t ruct ion  opera tors  for  a  photon  in  the  mode 𝜆𝜆.  These  
opera tors  a re  g iven  b y 
𝑎𝑎𝜆𝜆
† =  𝑝𝑝𝜆𝜆 +  𝑖𝑖𝜔𝜔𝜆𝜆𝑞𝑞𝜆𝜆
�2ћ𝜔𝜔𝜆𝜆
 (2.32a) 
 
𝑎𝑎𝜆𝜆 = �𝑎𝑎𝜆𝜆†�† =  𝑝𝑝𝜆𝜆 −  𝑖𝑖𝜔𝜔𝜆𝜆𝑞𝑞𝜆𝜆
�2ћ𝜔𝜔𝜆𝜆
 (2.32b) 
The  e l ec t r i c  f i e ld  and  the  e l ec t romagne t i c  f i e ld  Hami l toni an  in  
t e rms  o f  t hese  opera to r s  a re  
 
𝐸𝐸�⃗𝜆𝜆(?⃗?𝑥, 𝜕𝜕) = ��2𝜋𝜋ћ𝜔𝜔𝜆𝜆
𝜆𝜆
𝐸𝐸�⃗𝜆𝜆(?⃗?𝑥) �𝑒𝑒−𝑖𝑖𝑖𝑖2 𝑎𝑎𝜆𝜆† + 𝑒𝑒𝑖𝑖𝑖𝑖2 𝑎𝑎𝜆𝜆� (2.33a) 
and  
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𝐻𝐻𝑓𝑓 = �ћ𝜔𝜔𝜆𝜆 �𝑛𝑛�𝜆𝜆 +  12�
𝜆𝜆
, (2.33b) 
where  
 
𝑛𝑛�𝜆𝜆 = 𝑎𝑎𝜆𝜆†𝑎𝑎𝜆𝜆 (2.34) 
i s  t he  number  opera to r  wh ich  ac t ing  on  the  s t a t e  |𝑛𝑛𝜆𝜆 > g ives  the  
number  of photons in mode 𝜆𝜆 t imes the same state:  𝑛𝑛�𝜆𝜆 |𝑛𝑛𝜆𝜆 > = 𝑛𝑛𝜆𝜆 |𝑛𝑛𝜆𝜆 >. 
 
The  comple t e  Hami l ton i an  ex pressed  in  t e rms  o f  t he  opera to rs  
deve loped  above i s  wr i t t en  as  
 
𝐻𝐻 = ћ𝛺𝛺�𝑅𝑅𝑗𝑗3  + �ћ𝜔𝜔𝜆𝜆 �𝑛𝑛�𝜆𝜆 +  12�
𝜆𝜆𝑗𝑗
−��𝛾𝛾𝜆𝜆𝑗𝑗𝑎𝑎𝜆𝜆 + 𝛾𝛾𝜆𝜆𝑗𝑗∗ 𝑎𝑎𝜆𝜆†��𝑅𝑅𝑗𝑗+ + 𝑅𝑅𝑗𝑗−�
𝜆𝜆,𝑗𝑗 , (2.35) 
where  
 
𝛾𝛾𝜆𝜆𝑗𝑗 = �2𝜋𝜋ћ𝜔𝜔𝜆𝜆𝐸𝐸�⃗𝜆𝜆(?⃗?𝑥) ∙  〈𝜇𝜇𝑗𝑗〉𝑒𝑒𝑖𝑖𝑖𝑖2 . (2.36) 
 
Th is  i s  t he  Hami l ton i an  tha t  man y au tho rs (1 ,2 ,15 ,16) u se  i n  a  d i scuss i o n  
o f  t h e  l a s e r  a n d  r e l a t e d  p r o b l e m s .  E v e n  E q .  ( 2 . 3 5 )  i s  t o o  d i f f i c u l t  
t o  t r e a t  e x a c t l y  a n d  f u r t h e r  a s s u m p t i o n s  a r e  r e q u i r e d .  T h e s e  
a s s u m p t i o n s  a r e  t h a t  e a c h  m o l e c u l e  h a s  e x a c t l y  t h e  s a m e  d i p o l e  
m o m e n t  a n d  th a t  a l l  T LM s  a r e  as s um ed  t o  b e  l o c a t e d  a t  e q u i v a l en t  
f i x e d  m od e  po s i t i o ns  o r  t o  b e  co nf i ne d  t o  a  co n t a in e r  wh os e  
d im en s i on s  a r e  sm al l  c o m p a r e d  t o  t h e  r a d i a t i o n  w a v e l e n g t h ,  i .  e .  ,  
e a c h  m o l e c u l e  s e e s  e x a c t l y  t h e  s a m e  𝐸𝐸�⃗𝜆𝜆 f i e l d .  T h i s  i s  
e x p e r i m e n t a l l y  f e a s i b l e .  A l s o  i t  i s  a s s u m e d  that  on ly one mode 
of  the cavi ty in terac ts  s ign if icant ly with  the molecules .  T h e r e f o r e  t h e  
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e n e r g y  o f  t h e  f i e l d  f o r  t h e  o t h e r  m o d e s  m a y b e  c o n s i d e r e d  as  a  
cons t an t  o f  mot ion  and  may be  d ropped .  
 
T h e  H am i l t on i a n  wi th  t h e s e  as su mpt ion s  b e co me s  
 
𝐻𝐻 = ћ𝛺𝛺𝑅𝑅3 +  ћ𝜔𝜔𝑛𝑛� −  (𝛾𝛾𝑎𝑎 + 𝛾𝛾∗𝑎𝑎†)(𝑅𝑅+ + 𝑅𝑅−) (2.37) 
 
Her e  a l l  mod e  subs c r ip t s  ha ve  b een  d ropped  and  th e  su mmat ion  over  
t he  i ndex  j  fo r  t he  s epar a t e  mol ecu l es  pe r fo rmed .  In  t he  nex t  chap te r  
t he  p rob l em to  be  t r ea t ed  ex ac t l y  wi l l  be  dev e loped .  
CHAPTER III: FORMULATION OF THE PROBLEM 
T h e  H a m i l t o n i a n  w h i c h  w i l l  b e  t a k e n  t o  d e s c r i b e  t h e  i n t e r a c t i o n  
o f  N  T w o - Le v e l  M o l e c u l e s  w i t h  a  s i n g l e - m o d e  radiation field is  
given by 
 𝐻𝐻 = 𝛺𝛺𝑅𝑅3 +  𝜔𝜔𝑎𝑎†𝑎𝑎 −  𝛾𝛾𝑎𝑎𝑅𝑅+ − 𝛾𝛾∗𝑎𝑎†𝑅𝑅− (3.1a) 
   
 =  𝐻𝐻𝑜𝑜 −  𝛾𝛾𝑎𝑎𝑅𝑅+ − 𝛾𝛾∗𝑎𝑎†𝑅𝑅−. (3.1b) 
T o  r e c a p i t u l a t e ,  t h e  i d e n t i c a l  T w o - L e v e l  M o l e c u l e s  ( T L M s )  a r e  
a s s u m e d  to  have  non-over l app ing  space  funct ions  and  the  energ y 
separa t i on  o f  each  T LM  (𝛺𝛺 ) i s  n o t  n e c e s s a r i l y  e q u a l  t o  t h e  m o d e  
f r e q u e n c y  (𝜔𝜔)  o f  t h e  e l e c t r o m a g n e t i c  f i e l d .  F o r  c o n v e n i e n c e ,  ћ  h a s  
b e e n  s e t  e q u a l  t o  u n i t y .  The complex  coupl ing constant ,  𝛾𝛾 = |𝛾𝛾|𝑒𝑒𝑖𝑖𝜑𝜑1,  
i s  g i v e n  b y  E q .  ( 2 . 3 6 ) .  In  t h e  c a s e  o f  a  c yl i n d r i c a l  c a v i t y (1 4 ),  f o r  
ex a mpl e ,  w i t h  o n l y t h e  l o w e s t  T M  m o d e  e x c i t e d ,  t h e  
e i g e n f u n c t i o n ,  E ,  o f  t h e  c a v i t y  i s  
17 
 
 �𝐸𝐸�⃗ (?⃗?𝑥)� =  1
𝐽𝐽1√𝑉𝑉
 𝐽𝐽𝑜𝑜 �𝜔𝜔𝑐𝑐 𝑟𝑟� (3.2) 
where  J 1=J 1(u )  =  0 .5191,  and  u  =  2 .405  i s  the  f i r s t  roo t  of  J o(u )  =  
0 .  V  i s  t h e  v o l u m e  o f  t h e  c a v i t y .  T h e  T LM s  a r e  c o u p l e d  t o  t h e  
r a d i a t i o n  f i e l d  i n  t h e  d i p o l e  a p p r o x im a t i o n ,  a n d  a l l  T LM s  a r e  
f u r t h e r  a s s u m e d  t o  b e  l o c a t e d  a t  equivalent  f ixed mode 
posi t ions ,  or  to be confined to  a  c o n t a i n e r  w h o s e  d i m e n s i o n s  a r e  
s m a l l  c o m p a r e d  t o  t h e  r a d i a t i o n  w a v e l e n g t h .  T h i s  m e a n s  t h a t  
𝐸𝐸�⃗ (?⃗?𝑥) i n  E q .  ( 2 . 3 6 )  m a y b e  t a k e n  a s  a  c o n s t a n t .  (In the  case  of  the 
cyl indrical  cav i ty 𝐸𝐸�⃗  = 1
𝐽𝐽1√𝑉𝑉
 i f  t h e  T LM s  a r e  a s s u m e d  t o  l i e  a l o n g  
t h e  a x i s  o f  t h e  c y l i n d e r .  I n  t e r m s  o f  f r e q u e n c y ,  𝛾𝛾 =
 〈𝜇𝜇〉
𝐽𝐽1
�
2𝑖𝑖𝜋𝜋
ћ𝑉𝑉
𝑒𝑒𝑖𝑖𝑖𝑖/2.  B y  s u b s t i t u t i n g  s p e c i f i c  v a l u e s  o f  〈𝜇𝜇〉 a n d  V  i n t o  
E q .  ( 2 . 3 6 ) ,  t h e  v a l u e  o f  𝛾𝛾 m a y  b e  f o u n d .  F o r  e x a m p l e ,  a  
v a l u e  f o r  𝛾𝛾 o f  a p p r o x i m a t e l y  5  c p s  h a s  b e e n  f o u n d  f o r  a n  
a m m o n i a  b e a m  m a s e r ( 1 4 )  w i t h  a  f r e q u e n c y  o f  2  x  1 0 1 0  c p s .  
T e r m s  i n  E q .  ( 2 . 2 7 )  h a v e  b e e n  i g n o r e d  i n  t h e  d i p o l e  c o u p l i n g  
i n  E q .  ( 3 . 1 )  w h i c h  d o  n o t  c o n s e r v e  p a r t i c l e  n u m b e r ,  c ,  ( i . e .  ,  
t h o s e  t e r m s  i n  E q .  ( 2 . 3 7 )  w h i c h  d o  n o t  c o m m u t e  w i t h  𝑎𝑎†𝑎𝑎 +
𝑅𝑅3). 
T h e  v a l i d i t y  o f  e a c h  o f  t h e  a s s u m p t i o n s  u s e d  t o  o b t a i n  
t h e  f i n a l  f o r m  o f  t h e  H a m i l t o n i a n  ( 3 . 1 )  i s  s o m e w h a t  d i f f i c u l t  
t o  a s c e r t a i n .  T h e  u s e  o f  t h e  d i p o l e  a p p r o x i m a t i o n  i s  q u i t e  
18 
 
s o u n d  f o r  m o s t  s y s t e m s  o f  i n t e r e s t  s i n c e  t h e  w a v e l e n g t h  o f  
t h e  r e l e v a n t  r a d i a t i o n  i s  a t  l e a s t  1 0 3  t i m e s  t h e  l i n e a r  
d i m e n s i o n s  o f  m o s t  m o l e c u l e s .  T h e  a s s u m p t i o n s  t h a t  t h e  
T L M s  i n t e r a c t  w i t h  o n l y  a  s i n g l e  m o d e  a n d  t h a t  e a c h  T L M  
s e e s  e x a c t l y  t h e  s a m e  e l e c t r i c  f i e l d  s t r e n g t h  a r e  r e a l i z a b l e  
i n  t h e  l a b o r a t o r y .  T h i s  i s  e a s i l y  s e e n  s i n c e  t h e  s i n g l e  m o d e  
r a d i a t i o n  f i e l d  m a y  b e  c h o s e n  b y  c o n s t r u c t i n g  a  r e s o n a n t  
c a v i t y  t h a t  a d m i t s  o n l y  a  s i n g l e  m o d e  n e a r  t h e  r e s o n a n t  
f r e q u e n c y  o f  t h e  T L M s .  T h e  s e c o n d  a s s u m p t i o n  t h a t  e a c h  
T L M  s e e s  t h e  s a m e  e l e c t r i c  f i e l d  s t r e n g t h  h a s  a l r e a d y  b e e n  
d i s c u s s e d .  T h e  a s s u m p t i o n  t h a t  e a c h  T L M  i s  i d e n t i c a l  i s  n o t  
r i g o r o u s l y  j u s t i f i e d  s i n c e  c o l l i s i o n  f o r  t h e  c a s e  o f  a  g a s  o r  
w a v e  f u n c t i o n  o v e r l a p  f o r  t h e  c a s e  of a solid will  cause a  
spread in the TLM frequency, 𝛺𝛺 . The effect  of t h i s  c o n t i n u u m  o f  
T L M  e n e r g i e s  w i l l  n o t  b e  c o n s i d e r e d  h e r e .  D i c k e ( 7 )  h a s  
d i s c u s s e d ,  w i t h i n  t h e  f r a m e w o r k  o f  h i s  a p p r o x i m a t i o n  
s c h e m e ,  t h e  e f f e c t s  o f  D op p l e r  b ro ad e n i n g .  In  t h e  c ase  o f  an  
a mm on i a  b e am  m as e r ,  t h e  T LM s  w i l l  e s s e n t i a l l y  i n t e r a c t  w i t h  
t h r e e  d i f f e r e n t  f r e q u e n c i e s .  S i n c e  a l l  t h e  m o l e c u l e s  a r e  
m o v i n g  a t  t h e  s a m e  v e l o c i t y ,  t h e s e  f r e q u e n c i e s  a r e  ( 1 )  t h e  
b a s i c  f r e q u e n c y  o f  t h e  m o l e c u l e s  a n d  ( 2 )  t h e  t w o  f r e q u e n c i e s  
o b t a i n e d  f r o m  a d d i n g  o r  s u b t r a c t i n g  t h e  t r a n s l a t i o n a l  e n e r g i e s  
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o f  t h e  m o l e c u l e s .  T h e  f i n a l  a p p r o x i m a t i o n  o f  d r o p p i n g  t h e  
d o u b l i n g  t e r m s  h a s  b e e n  d i s c u s s e d  f o r  t h e  c a s e  o f  a  s i n g l e  
m o l e c u l e  i n t e r a c t i n g  w i t h  a  r a d i a t i o n  f i e l d  b y  E .  T .  J a yn e s  
a n d  F .  W .  C u m m i n g s ( 1 4 ) .  T h e  v a l i d i t y  o f  d ropp in g  thes e  t e rms  
fo r  N  T LMs  i s  no t  t oo  read i l y  app ar en t  and  wi l l  b e  d i s c u s s e d  i n  
A p p e n d i x  E .  T h e  co n t r i b u t i o n  t o  t h e  e n e r g y d u e  t o  t h e s e  t e r m s  
i s  b e l i e v e d  t o  b e  s m a l l  e x c e p t  f o r  v e r y  h i g h  i n t e n s i t y  
f i e l ds ( 7 , 1 4 ) .  Th e i r  co n t r i bu t io n  to  t h e  e n e r g y m a y b e  d e t e r mi n ed  
b y a  pe r turbat ive  t echnique af t e r  the  e igenvalues  and  e igens t a tes  
are  found. * 1 ( N o t e  t h a t  t h e  m od e l  ab ov e  d es c r ib e s  m an y o f  t he  
c o nd i t i on s  ex i s t i n g  in  a n  a m m o n i a  b e a m  m a s e r ( 1 4 ) . )  
A  f o rm  o f  H  w hi ch  w i l l  b e  m o re  a me n a b l e  t o  t r e a tm e n t  i s  
o b t a i n ed  b y  r e a r r a n g i n g  s o m e  o f  t h e  t e r m s  i n  E q .  ( 3 . 1 )  a n d  
d i v i d i n g  b y  𝛺𝛺 .  
 𝐻𝐻 =  (𝑎𝑎†𝑎𝑎 +  𝑅𝑅3) +  𝑎𝑎†𝑎𝑎 𝜔𝜔 − 𝛺𝛺𝛺𝛺 − 𝜅𝜅𝑎𝑎𝑅𝑅+ − 𝜅𝜅∗𝑎𝑎†𝑅𝑅− (3.3) 
   
 =  𝐻𝐻𝑜𝑜  − 𝜅𝜅𝑎𝑎𝑅𝑅+ − 𝜅𝜅∗𝑎𝑎†𝑅𝑅−. (3.4) 
   
 𝜅𝜅 = 𝛾𝛾
𝛺𝛺
 . (3.5) 
 
States of the non-interacting system are defined( 7 )  such that  
 𝐻𝐻𝑜𝑜|𝑛𝑛 > |𝑟𝑟,𝑚𝑚 > =  �𝑚𝑚 + 𝑛𝑛 + 𝑛𝑛𝜔𝜔 − 𝛺𝛺𝛺𝛺 � |𝑛𝑛 > |𝑟𝑟,𝑚𝑚 > (3.6a) 
                                                 
1 See Appendix E 
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 𝑅𝑅3|𝑟𝑟,𝑚𝑚 > =  �𝑅𝑅𝑗𝑗3|𝑟𝑟,𝑚𝑚 > = 𝑚𝑚|𝑟𝑟,𝑚𝑚 >𝑁𝑁
𝑗𝑗=1
 (3.6b) 
   
 𝑅𝑅±|𝑟𝑟,𝑚𝑚 > =  �𝑅𝑅𝑗𝑗±|𝑟𝑟,𝑚𝑚 >                       𝑁𝑁
𝑗𝑗=1
  
   
 =  𝑒𝑒±𝑖𝑖𝜑𝜑2�𝑟𝑟(𝑟𝑟 + 1) −𝑚𝑚(𝑚𝑚 ± 1)�1/2|𝑟𝑟,𝑚𝑚 ± 1 > (3.6c) 
 and  
 𝑎𝑎�𝑛𝑛 > =  𝑒𝑒𝑖𝑖𝜑𝜑3√𝑛𝑛�𝑛𝑛 − 1 > (3.6d) 
 
The s tates  |𝑟𝑟,𝑚𝑚 >  are formal ly ident ical  to  s tates  of  total  angular  
momentum and total z-component of momentum for a system of spins. These  |𝑟𝑟,𝑚𝑚 > s t a t es  a re  fo rmed  in  t he  same  wa y,  f rom s ingl e  molecule states |1/2, ±1/2 >,  as the total spin states are formed from the individual  spinor 
s ta tes .  The "cooperat ion number," r ,  analogous to  the total  angular  
momentum of a  spin system, satisfies  
 𝑅𝑅2|𝑟𝑟,𝑚𝑚 > = 𝑟𝑟(𝑟𝑟 + 1)|𝑟𝑟,𝑚𝑚 >, (3.7) 
with m≤ 𝑟𝑟 ≤ 𝑁𝑁
2
 where r and m are either integer of half-integer. The term 
"cooperation number" has significance in the fact  that  the pro jec t ion  of  
the  vector  opera tor  on  the  “1-2”  p lane  gives  essent ia l l y the  total  dipole 
moment  of  the molecular  system while the thi rd component ,  R 3 ,  g i v e s  t h e  
e n e r g y .  Fo r  l a r ge r  " c o o p e r a t i o n  n u m b e r , "  the possible interaction with 
the electromagnetic field also becomes larger.  On the other hand, a  va lue  
of  r  =  0  impl ies  no  in terac t ion  wi th  the  e l ec t romagnet i c  f i e ld  a t  a l l .  
The  ope ra to r s  i n  Eq . (3 .6) s a t i s f y t he  co mmuta t ion  re l a t i on s  
 [𝑅𝑅3,𝑅𝑅±] =  ±𝑅𝑅± (3.8a) 
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 [𝑅𝑅+,𝑅𝑅−] = 2𝑅𝑅3 (3.8b) 
   
 [𝑎𝑎,𝑎𝑎†] = 1. (3.8c) 
 
S ince  bo th  R 2 and  c  =  a ta  +  R 3  commu te  wi th  H ,  t he  e i ge ns t a t es  ma y 
be  c h o s en  to  b e  e ige n s t a t es  o f  t h es e  t w o  o p e ra to r s  a s  we l l ,  a nd  th e  
e i ge n s t a t e s  m a y  b e  l a b e l e d  b y  t h e  e i g e n v a l u e s  r  a n d  c .  T h e  s ym b o l  
c  represents  the  conservat ion  of  the  number  of  the  photons  p lus  the 
number  o f  T LM s  i n  t h e  e x c i t e d  s t a t e  ( c  i s  n o t  a  g o o d  q u a n t u m  
n u m b e r  f o r  t h e  general Hamiltonian (2.37)). If ω=𝛺𝛺(17),  c is the 
eigenvalue of Ho and is g iven  by Eq .  (3 .4 ) .  Fo r  a  g iv en  r  and  c ,  t he re  
wi l l  be  ( i n  gen er a l )  2 r+1  energy e igenvalues and for ω=𝛺𝛺  these 
eigenvalues  will  be symmetrically displaced about  the constant  c,  where 
-r  < c < ∞ .  
I t  i s  he lpfu l  to  d isp lay the  e lements  
 
 < 𝑛𝑛|< 𝑟𝑟,𝑚𝑚|𝐻𝐻|𝑟𝑟′,𝑚𝑚′ > |𝑛𝑛′ >  
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a s  a  ma t r ix  where  the re  i s  a  group ing  in to  an  i n f in i t e  number  o f  b locks  
o f  d im e ns i on s  2 N a lo n g  th e  m ai n  d i a gon a l .  Ea c h  2 N d im ens io n a l  b l o ck  
in  tu rn  b reaks  up  in to  smal l e r  b locks  a long  the  main  d iagona l ,  the i r  
number  and  d imens ion  de t e rmined  acco rd ing  to  t he  i r r educib l e  
r ep resenta t ions  of  the  group SU(2) .  This  i s  shown schemat ica l l y in  
Figure  1 .  O n l y t h e  s h ad e d  b l oc ks  h a v e  n onz e ro  e l em en t s .  T h e r e  a r e   
Figure 1: Schematic of Matrix Representation of H 
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 𝑁𝑁! (2𝑟𝑟 + 1))
�
𝑁𝑁2 + 𝑟𝑟 + 1� ! �𝑁𝑁2 − 𝑟𝑟� !,  
identical  blocks for each value of  r ,  and each smaller  block is  of 
dimens i o n  2 r + 1 .  Th e  v a l u e s  o f  r  r a n ge  f r o m  N / 2  f o r  t h e  l a r g e s t  
s i n g l e  s h a d e d  b l o c k  a t  t h e  t o p  l e f t - h a n d  c o r n e r  o f  t h e  f i g u r e  
d o w n  t o  e i t h e r  r  =  0 ,  o r  r  =  1 /2  depend ing  on  whether  N  i s  even  
o r  odd .  Fo r  a  g iven  value of r, an integer change in c corresponds to a 
change to an adjacent block of dimension 2N. 
Figu re  2  shows the  e lements  of  one  o f  the  shaded  b locks  of  
F i g u r e  1  f o r  a  p a r t i c u l a r  r  v a l u e .  T h e  b l o c k  h a s  n o n z e r o  
e n t r i e s  o n l y  along the diagonal  and immediately adjacent  to  i t .  If  
the value of c is  such that c  ≤ r,  then the block will have dimension 
less than 2r + 1 and will be of dimension c+ r + 1 instead; thus,  besides 
having an infinite number of blocks of dimension 2N, there will also be 
N large blocks of d i m e n s i o n  s m a l l e r  t h a n  2 N .  
Denote the eigenstates of H as |r ,  c, j  > .  
 
 𝐻𝐻�𝑟𝑟, 𝑐𝑐, 𝑗𝑗 > = 𝜆𝜆𝑟𝑟,𝑐𝑐,𝑗𝑗�𝑟𝑟, 𝑐𝑐, 𝑗𝑗 > (3.9) 
where  j  t akes  on  the  2r  +  1  values  0 ,1 ,2 ,  .  .  .  ,  2 r ,  i f  c  ≥ r ,  o r  
the  c + r + 1 values 0,1,∙∙∙,c+r if c < r.  
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Recall ing that  the s tates |r ,  c,  j  > are eigenstates of H, c,  and R2,  
and that  m = c-n varies between r and -r,  
 
 |𝑟𝑟, 𝑐𝑐, 𝑗𝑗 > = � 𝐴𝐴𝑛𝑛(𝑟𝑟,𝑐𝑐,𝑗𝑗)|𝑛𝑛 > |𝑟𝑟, 𝑐𝑐 − 𝑛𝑛 >,𝑐𝑐+𝑟𝑟
𝑛𝑛=𝑚𝑚𝑚𝑚𝑚𝑚(0,𝑐𝑐−𝑟𝑟)  (3.10) 
 
 
Figure 2: Sub-matrix for given r and c. 
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where max(0, c-r) is an abbreviation for the maximum value of 0 or c-r. 
From Eqs .  (3 .4) ,  (3 .6) ,  and  (3 .8) ,  the  𝐴𝐴𝑛𝑛
(𝑟𝑟,𝑐𝑐,𝑗𝑗) sa t i s fy the  d i f ference  
equation 
 
−|𝜅𝜅|𝑒𝑒−𝑖𝑖𝜑𝜑√𝑛𝑛𝐶𝐶𝑟𝑟,𝑐𝑐−𝑛𝑛𝐴𝐴𝑛𝑛−1(𝑟𝑟,𝑐𝑐,𝑗𝑗) +  �𝑐𝑐 +  𝜔𝜔 − 𝛺𝛺𝛺𝛺 𝑛𝑛 − 𝜆𝜆𝑟𝑟,𝑐𝑐,𝑗𝑗� 𝐴𝐴𝑛𝑛(𝑟𝑟,𝑐𝑐,𝑗𝑗)
− |𝜅𝜅|𝑒𝑒𝑖𝑖𝜑𝜑√𝑛𝑛 + 1𝐶𝐶𝑟𝑟,𝑐𝑐−𝑛𝑛−1𝐴𝐴𝑛𝑛+1(𝑟𝑟,𝑐𝑐,𝑗𝑗) = 0, (3.11) 
 
 
where 
 
 𝑒𝑒 = 𝑒𝑒1 + 𝑒𝑒2 + 𝑒𝑒3, (3.12a) 
 and  
 𝐶𝐶𝑟𝑟,𝑐𝑐−𝑛𝑛 =  [𝑟𝑟(𝑟𝑟 + 1) −  (𝑐𝑐 − 𝑛𝑛)(𝑐𝑐 − 𝑛𝑛 + 1)]1/2. (3.12b) 
The A( r , c , j )  satisfy the boundary conditions 
 
 𝐴𝐴𝑟𝑟+𝑐𝑐+1
(𝑟𝑟,𝑐𝑐,𝑗𝑗) = 𝐴𝐴𝑚𝑚𝑚𝑚𝑚𝑚(−1,𝑐𝑐−𝑟𝑟−1)(𝑟𝑟,𝑐𝑐,𝑗𝑗) = 0. (3.13) 
It  is  convenient to define Bn’s so that  
 
 𝐴𝐴𝑛𝑛 =  �𝑒𝑒−𝑖𝑖𝜑𝜑�𝑛𝑛 𝐵𝐵𝑛𝑛
√𝑛𝑛!𝐶𝐶𝑚𝑚𝑖𝑖𝑛𝑛(𝑐𝑐−1,𝑟𝑟−1)𝐶𝐶𝑚𝑚𝑖𝑖𝑛𝑛(𝑐𝑐−2,𝑟𝑟−2) ∙∙∙ 𝐶𝐶𝑐𝑐−𝑛𝑛 (3.14) 
 
The superscripts (subscripts) (r, c, j) have been dropped for simplicity 
whenever this does not cause confusion. Only the r subscript will be 
suppressed in the 𝐶𝐶𝑟𝑟,𝑐𝑐−𝑛𝑛 to conform with Figure 2.  If  an effective 
eigenvalue 
 𝑞𝑞 =  𝑐𝑐 − 𝜆𝜆|𝜅𝜅|  (3.15) 
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and relat ive tuning parameter  
 𝛽𝛽 =  𝜔𝜔 − 𝛺𝛺|𝜅𝜅|𝛺𝛺  (3.16) 
 
i s  defined,  Bn will  sat isfy the difference equation 
 
 𝐵𝐵𝑛𝑛+1 − (𝑞𝑞 + 𝛽𝛽𝑛𝑛)𝐵𝐵𝑛𝑛 + 𝑛𝑛𝐶𝐶𝑐𝑐−𝑛𝑛2 𝐵𝐵𝑛𝑛−1 = 0. (3.17) 
The largest value of q for a given value of r and c corresponds to the 
ground s tate  of  the sys tem.  
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CHAPTER IV: EXACT SOLUTION 
The  ex ac t  so lu t ion  o f  Eq .  (3 . 17 )  ( no n-normal i z ed )  c an  be  
ob ta ined  b y  " u n r a v e l i n g "  f r o m  o n e  e n d .  T h a t  i s ,  b y  s t a r t i n g  
f r o m  
𝐵𝐵𝑚𝑚𝑚𝑚𝑚𝑚(−1,𝑐𝑐−𝑟𝑟−1) =  𝐵𝐵𝑐𝑐+𝑟𝑟+1 = 0, (4.1) 
 
one may obtain a solution for 𝐵𝐵𝑛𝑛 in the form 
 
 
𝐵𝐵𝑛𝑛 =  � (−1)ℓ𝒮𝒮ℓ(𝑡𝑡−1)[𝑡𝑡/2]
ℓ=0
 , (4.2) 
where  
𝑛𝑛 = 𝜕𝜕 + 𝛼𝛼 (4.3a) 
  
𝛼𝛼 = 𝑚𝑚𝑎𝑎𝑥𝑥(0, 𝑐𝑐 − 𝑟𝑟), (4.3b) 
and [𝜕𝜕/2] is the first integer equal to or less than t/2. 
The 𝒮𝒮ℓt are given by 
𝒮𝒮ℓ
𝑡𝑡 = �  �  � ∙∙∙ �
⎩
⎪
⎨
⎪
⎧
� (𝑞𝑞 + (𝑦𝑦 + 𝛼𝛼)𝛽𝛽)𝑡𝑡
𝑦𝑦=0
𝑦𝑦≠[𝑚𝑚𝑖𝑖,𝑚𝑚𝑖𝑖−1] ⎭⎪⎬
⎪
⎫
� 𝒞𝒞𝑗𝑗
𝑗𝑗={𝑚𝑚𝑖𝑖}
𝑡𝑡
𝑚𝑚ℓ=𝑚𝑚ℓ−1+2
𝑡𝑡
𝑚𝑚3=𝑚𝑚2+2
𝑡𝑡
𝑚𝑚2=𝑚𝑚1+2
𝑡𝑡
𝑚𝑚1=1
 (4.4a) 
where 𝒞𝒞𝑚𝑚𝑖𝑖 = (𝑚𝑚𝑖𝑖 + 𝛼𝛼)𝐶𝐶𝑐𝑐−(𝑚𝑚𝑖𝑖+𝛼𝛼)2 .  In  E q .  ( 4 . 4 a )  t h e  f i r s t  p r o d u c t  c a n n o t  
c o n t a i n  t e r m s  w i t h  y e q u a l  t o  a n y o f  t h e  𝑚𝑚𝑖𝑖 o r  𝑚𝑚𝑖𝑖- 1 and the second 
product contains only terms with j equal to one of the 𝑚𝑚𝑖𝑖.2 E q u a tion (4.4a) 
and the following explanation may be somewhat clarified by w r i t i n g  a  f e w  
                                                 
2 Note that Eq. (4.4a) consists of the sum of products of 𝒞𝒞𝑗𝑗taken ℓ at a time with no nearest neighbors. 
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e x a m p l e s  o f  𝒮𝒮ℓ𝑡𝑡. 
𝒮𝒮0
𝑡𝑡 =  (𝑞𝑞 + 𝛼𝛼𝛽𝛽)(𝑞𝑞 + (𝛼𝛼 + 1)𝛽𝛽)(𝑞𝑞 + (𝛼𝛼 + 2)𝛽𝛽) ∙∙∙ (𝑞𝑞 + (𝛼𝛼 + 𝜕𝜕)𝛽𝛽) 
(4.4b) 
 
𝒮𝒮3
6 = (𝑞𝑞 + (𝛼𝛼 + 6)𝛽𝛽)𝒞𝒞1𝒞𝒞3𝒞𝒞5 + (𝑞𝑞 + (𝛼𝛼 + 4)𝛽𝛽)𝒞𝒞1𝒞𝒞3𝒞𝒞6 + (𝑞𝑞 + (𝛼𝛼 + 2)𝛽𝛽)𝒞𝒞1𝒞𝒞4𝒞𝒞6+ (𝑞𝑞 + 𝛼𝛼𝛽𝛽)𝒞𝒞2𝒞𝒞4𝒞𝒞6 
 
𝒮𝒮2
5 = (𝑞𝑞 + (𝛼𝛼 + 4)𝛽𝛽)(𝑞𝑞 + (𝛼𝛼 + 5)𝛽𝛽)𝒞𝒞1𝒞𝒞3+ (𝑞𝑞 + (𝛼𝛼 + 2)𝛽𝛽)(𝑞𝑞 + (𝛼𝛼 + 5)𝛽𝛽)𝒞𝒞1𝒞𝒞4 + (𝑞𝑞 + (𝛼𝛼 + 2)𝛽𝛽)(𝑞𝑞 + (𝛼𝛼 + 3)𝛽𝛽)𝒞𝒞1𝒞𝒞5+ (𝑞𝑞 + 𝛼𝛼𝛽𝛽)(𝑞𝑞 + (𝛼𝛼 + 5)𝛽𝛽)𝒞𝒞2𝒞𝒞4 + (𝑞𝑞 + 𝛼𝛼𝛽𝛽)(𝑞𝑞 + (𝛼𝛼 + 3)𝛽𝛽)𝒞𝒞2𝒞𝒞5+ (𝑞𝑞 + 𝛼𝛼𝛽𝛽)(𝑞𝑞 + (𝛼𝛼 + 1)𝛽𝛽)𝒞𝒞3𝒞𝒞5 
 
𝒮𝒮3
5 = 𝒞𝒞1𝒞𝒞3𝒞𝒞5 
 
𝒮𝒮0
−1 = 1,𝑎𝑎𝑛𝑛𝑑𝑑 𝒮𝒮ℓ𝑡𝑡 = 0 𝑖𝑖𝑖𝑖 ℓ > 12 (𝜕𝜕 + 1), 𝑒𝑒.𝑔𝑔. ,𝒮𝒮34 = 0. 
 
The above equations (4.4) are much too difficult to use in a practical  way; 
however, a recursion relation for the "𝒮𝒮ℓ𝑡𝑡" exists which makes the use of 
Eq. (4.2) practical . This recursion relation 
 
𝒮𝒮ℓ
𝑡𝑡 = (𝑞𝑞 + (𝛼𝛼 + 𝜕𝜕)𝛽𝛽)𝒮𝒮ℓ𝑡𝑡−1 + 𝒞𝒞𝑡𝑡𝒮𝒮ℓ−1𝑡𝑡−2 (4.5) 
is found by induction or inspection. 
The exact eigenvalues, or equivalently the q's, are determined 
from Eq.  (4 .2)  for  𝐵𝐵𝑟𝑟+𝑐𝑐+1 namely 
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𝐵𝐵𝑟𝑟+𝑐𝑐+1 = � (−1)ℓ�𝑡𝑡′/2�
ℓ=0
𝒮𝒮ℓ
�𝑡𝑡′−1� = 0, (4.6) 
 
where  t '  =  r+c+1-𝛼𝛼.  These  a re  po lynomia l s  i n  q  o f  degree  2 r+1 i f  
c≥ r ,  a nd  o f  de g r e e  r + c +l  i f  c <r .  I f  2 r + 1  o r  r +c + 1  i s  eve n  an d  
𝛽𝛽=0,  one of  the roots  of  Eq.  ( 4 . 6 )  is  q=0.  For this  case,  the 
eigenvector  can be found direct ly from the equation for  the An  and is  
given by 
𝐴𝐴𝑛𝑛 = (−1)𝑡𝑡/2𝑒𝑒−𝑖𝑖𝑡𝑡𝜑𝜑�𝒞𝒞𝑡𝑡−1𝒞𝒞𝑡𝑡−3∙∙∙𝒞𝒞1𝒞𝒞𝑡𝑡𝒞𝒞𝑡𝑡−2∙∙∙𝒞𝒞2  , t even (4.7) = 0                                           , 𝜕𝜕 𝑜𝑜𝑑𝑑𝑑𝑑 
Also in  the special  case (𝛽𝛽 = 0) the q’s  are such that  q2 r=-q0 ,  q2 r - 1=-q1,  
a n d  s o  o n  s ym m e t r i c a l l y  p l a c i n g  t h e  q - v a l u e s  a b o u t  z e r o ,  a n d  t h e  
s t a t e s  𝐴𝐴𝑛𝑛
(𝑗𝑗),  j  = 2 r ,  2 r - 1 , ∙∙∙, r - 1 ,  i f  r  i s  a n  i n t e g e r  ( o r  r + 1 / 2  i f  r  i s  a 
half- integer)  are found from the s tates  An,  j  = 0,  1 , ∙∙∙, r-1 (or r-1/2 if r 
is a half-integer) by replacing 𝑒𝑒 by 𝑒𝑒 + π .  in Eq. (3.14). Care  must  be  
taken with these lat t e r  s tatements  s ince  0 ≤ 𝑗𝑗 ≤ 𝑟𝑟 + 𝑐𝑐 when c < r. 
A high speed computer was used to calculate the effective 
eigenvalues  "q" f rom Eq.  (4 .6)  as  wel l  as  the normal ized 
eigenvectors  𝐴𝐴𝑛𝑛
(𝑟𝑟,𝑐𝑐,𝑗𝑗) and  va lues  o f  average  a tom energy,  o r  i nver s ion  
<m> ,  and  the dispersion in  pho ton  number  <  (n  - <n>  ) 2  >  fo r  e ac h  
e igenv ec to r .  A brief discussion of the numerical  technique used is  
given in Appendix A. 
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CHAPTER V: APPROXIMATE ANALYTIC SOLUTIONS FOR 𝜷𝜷 = 0 
 
In this chapter approximate expressions for the eigenvalues and 
eigenvectors of Eq. (3.1) will be obtained for the special case 𝜔𝜔 = 𝛺𝛺 .  
A. Differential Equation Approach 
The approximation obtained here is accurate for the ground and 
low-lying excited states (and, because of symmetry about q = 0 for the 
specia l  case 𝛽𝛽= 0,  for  the most  h ighly exci ted s tates  and  eigenvalues  as  
wel l) .  Toward this  end Eq. (3.11)  is  rewri t ten by defining En such that 
𝐴𝐴𝑛𝑛 = �𝑞𝑞�𝑒𝑒−𝑖𝑖𝜑𝜑�𝑛𝑛𝐸𝐸𝑛𝑛
√𝑛𝑛!𝐶𝐶𝑐𝑐−1𝐶𝐶𝑐𝑐−2 ∙∙∙ 𝐶𝐶𝑐𝑐−𝑛𝑛  , 𝑐𝑐 < 𝑟𝑟 (5.1a) 
and  
𝐴𝐴𝑛𝑛 = �𝑞𝑞�𝑒𝑒−𝑖𝑖𝜑𝜑�𝑛𝑛𝐸𝐸𝑛𝑛
√𝑛𝑛!𝐶𝐶𝑟𝑟−1𝐶𝐶𝑟𝑟−2 ∙∙∙ 𝐶𝐶𝑐𝑐−𝑛𝑛  , 𝑐𝑐 ≥ 𝑟𝑟 (5.1b) 
where  
𝑞𝑞� = (𝑐𝑐 − 𝜆𝜆)2|𝜅𝜅| = 12 𝑞𝑞. 
 
(5.2) 
𝐸𝐸𝑛𝑛 then satisfies the difference equation 
 
 
𝑞𝑞�2𝐸𝐸𝑛𝑛+1 − 2𝑞𝑞�2𝐸𝐸𝑛𝑛 + 𝑛𝑛𝐶𝐶𝑐𝑐−𝑛𝑛2 𝐸𝐸𝑛𝑛−1 = 0. (5.3) 
 
This is rewritten in the form 
 
𝐸𝐸𝑛𝑛+1 + 𝐸𝐸𝑛𝑛−1 − 2𝐸𝐸𝑛𝑛 + �(4𝑛𝑛𝐶𝐶𝑐𝑐−𝑛𝑛2 − 𝑞𝑞2)𝑞𝑞2 �𝐸𝐸𝑛𝑛−1 = 0. (5.4) 
  
If                ∆𝐸𝐸𝑛𝑛 ≡ 𝐸𝐸𝑛𝑛+1 − 𝐸𝐸𝑛𝑛, then ∆2𝐸𝐸𝑛𝑛 = 𝐸𝐸𝑛𝑛+2 + 𝐸𝐸𝑛𝑛 − 2𝐸𝐸𝑛𝑛+1                                                 
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which implies that 
 
∆2𝐸𝐸𝑛𝑛−1 + �(4𝑛𝑛𝐶𝐶𝑐𝑐−𝑛𝑛2 − 𝑞𝑞2)𝑞𝑞2 �𝐸𝐸𝑛𝑛−1 = 0. (5.5) 
 
The first approximation made to this equation is the replacement of ∆2 b y 
𝑑𝑑2
𝑑𝑑𝑚𝑚2
.  Th is  wi l l  be  accu ra t e  fo r  l a rge  enough  va lues  o f  r ,  when n  takes on 
a sufficient number of values to make this replacement sensible; c l ea r l y i t  
w i l l  no t  be  accu ra te  fo r  r  =  1 /2 ,  fo r  ex ample ,  when  the re  a re  o n l y t w o  
v a lu es  o f  n  fo r  a  g iv e n  c .  A l s o ,  t h i s  ap p rox im a t io n  i s  no t  expected to  
be accurate for  la rge j  when An  changes  rapidly as  n  varies .  The number  
of  "zeros" of  the  vector  is  in  fact  given  by j  and for  j  =  r  ( r  interger)  
the  An  have zero value every other  t e rm.  This  may be seen f rom Eq.  
(4 .7) .  The di f ferent ial  equat ion  for  E(n)  is  then  
 
𝐸𝐸′′ = (4𝑛𝑛𝐶𝐶𝑐𝑐−𝑛𝑛2 − 𝑞𝑞2)
𝑞𝑞2
𝐸𝐸 = 0 (5.6) 
 
The second approximation, which is  made to Eq. (5.6) ,  is  most easily 
s e e n  b y  r e f e r e n c e  t o  F i gu r e  3 .  T h i s  f i g u r e  s h o w s  t h e  c u b i c  
e q u a t i o n ,  considered as a continuous function of n: 
𝐹𝐹(𝑛𝑛) = 𝑞𝑞2 − 4𝑛𝑛𝐶𝐶𝑐𝑐−𝑛𝑛2 = 𝑞𝑞2 + 4[𝑛𝑛3 − 2𝑛𝑛2𝑥𝑥 − 𝑛𝑛(𝑦𝑦2 − 𝑥𝑥2)], (5.7) 
 
where  
𝑥𝑥 = 𝑐𝑐 + 12 (5.8a) 
  
𝑦𝑦 = 𝑟𝑟 + 12 (5.8b) 
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The minimum of F(n) is  at no ,  obtained from 𝐹𝐹′(no) =0, namely 
 
𝑛𝑛𝑜𝑜 = 23 𝑥𝑥 + 13�3𝑦𝑦2 + 𝑥𝑥2 (5.9) 
 
Note that  the minimum posi t ion does  not  depend on the effect ive  
eigenv a l u e  q .  W r i t i n g  F ( n )  a s  a  f u n c t i o n  o f  ( n  -  n o )  g i v e s  
𝐹𝐹(𝑛𝑛𝑜𝑜) = −𝛼𝛼1 + 𝑞𝑞2 + 𝛼𝛼2(𝑛𝑛 − 𝑛𝑛𝑜𝑜)2 + 4(𝑛𝑛 − 𝑛𝑛𝑜𝑜)3 , (5.10) 
w h e r e  t h e  𝛼𝛼′𝑠𝑠 a r e  d e f i n e d  b y  
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Figure 3: Schematic of cubic F(n) vs. n. 
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𝛼𝛼1 = 4𝑛𝑛𝑜𝑜𝐶𝐶𝑐𝑐−𝑛𝑛2  (5.11a) 
  
𝛼𝛼2 = 4�3𝑦𝑦2 + 𝑥𝑥2 (5.11b) 
F o r  a l l  ( n - n o )  s u c h  t h a t  | n - n o  | < <𝛼𝛼2 ,  d i s c a r d i n g  t h e  c u b i c  t e r m  
w i l l  b e  a  g o o d  a p p r o x i m a t i o n .  F o r  e x a m p l e ,  i t  t u r n s  o u t  t h a t  t h e  
d i s p e r s i o n  o f  t h e  g r o u n d  s t a t e  i s  l e s s  t h a n  n o ,  w h i c h  m e a n s  t h a t  
t h e  m a x i m u m  r e l e v a n t  | n - n o |  i s  a b o u t  �𝑛𝑛𝑜𝑜 ;  b u t  𝜶𝜶2  i s  o f  t h e  o r d e r  
o f  n o  ( o r  g r e a t e r )  s o  t h a t  f o r  l a r ge  n o  d i s c a r d i n g  t h e  c u b i c  i s  
c l e a r l y  a  v a l i d  a p p r o x im a t i o n ,  a t  l eas t  fo r  t he  ground s t a t e ,  and  as  i t  
develops ,  for  a  number  o f  the  f i r s t  excited states as well. 
W i t h  t h e s e  t w o  a p p r o x i m a t i o n s ,  E q .  ( 5 . 4 )  b e c o m e s  
 
𝐸𝐸′′(𝑛𝑛) + �𝛼𝛼1 − 𝑞𝑞2
𝑞𝑞2
−
𝛼𝛼2
𝑞𝑞2
(𝑛𝑛 − 𝑛𝑛𝑜𝑜)2� 𝐸𝐸(𝑛𝑛) = 0. (5.12) 
 
Making a change of variable, 
 
𝜕𝜕 = �𝛼𝛼2
𝑞𝑞2
�
1/4 (𝑛𝑛 − 𝑛𝑛𝑜𝑜) (5.13) 
In Eq. (5.12) gives  
�
𝑑𝑑2
𝑑𝑑𝜕𝜕2
+ �𝛼𝛼1 − 𝑞𝑞2(𝛼𝛼2𝑞𝑞2)12 − 𝜕𝜕2��𝐸𝐸(𝜕𝜕) = 0. (5.14) 
This is in the standard form for the harmonic oscillator(12 )  and if we 
apply the  usual  boundary condi t ion tha t  E  vanishes  as  t  → ±∞ ( thi rd  
assumption) then 
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𝛼𝛼1 − 𝑞𝑞
2(𝛼𝛼2𝑞𝑞2)12 = 2𝑗𝑗 + 1,                              
𝑗𝑗 = 0,1,∙∙∙∙∙, 𝑟𝑟 − 1; 𝑟𝑟 𝑖𝑖𝑛𝑛𝜕𝜕𝑔𝑔𝑒𝑒𝑟𝑟             
𝑗𝑗 = 0,1,∙∙∙∙, 𝑟𝑟 − 12 ; 𝑟𝑟 ℎ𝑎𝑎𝑎𝑎𝑖𝑖 − 𝑖𝑖𝑛𝑛𝜕𝜕𝑒𝑒𝑔𝑔𝑒𝑒𝑟𝑟.
 (5.15a) 
 
Solving the quadratic equation for q, 
 
𝑞𝑞𝑗𝑗 = −(𝛼𝛼2)1/2 �𝑗𝑗 + 12� + ��𝑗𝑗 + 12�2 𝛼𝛼2 + 𝛼𝛼1�1/2 (5.15b) 
 
which gives the approximate ef fect ive eigenvalues for  j  
posit ive ≤ r .  For j > r, the eigenvalues are again given as 
explained below Eq. (4. 7); they are the negative of  the values 
for j  < r.  Also 
𝐸𝐸𝑗𝑗(𝜕𝜕) = 𝑒𝑒−𝑡𝑡2/2𝐻𝐻𝑗𝑗(𝜕𝜕), (5.17) 
 
where 𝐻𝐻𝑗𝑗(𝜕𝜕) is the Hermite polynomial of order j.  Then 
 
 
(𝐸𝐸𝑛𝑛−1)𝑗𝑗 = �𝑒𝑒𝑥𝑥𝑝𝑝�−(𝛼𝛼2)1/2(𝑛𝑛 − 𝑛𝑛𝑜𝑜)2/2𝑞𝑞𝑗𝑗��𝐻𝐻𝑗𝑗 ��𝛼𝛼2𝑞𝑞2�1/4 (𝑛𝑛 − 𝑛𝑛𝑜𝑜)� (5.18) 
 
A.1 Dispersion in Photon Number in the Ground State within the Differential  
Equation Approximation 
Table 1 l is t s  l imi t ing forms for  ready reference of  severa l  
prev iously defined quantities as well as 𝜎𝜎2, the dispersion in the ground 
state. From the table i t  i s  readi ly seen for  al l  four  l imiting regions 
considered, that 𝑞𝑞�𝑜𝑜/𝐶𝐶𝑐𝑐−𝑛𝑛 is nearly equal to�𝑛𝑛𝑜𝑜.  This is also the statement 
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that 𝛼𝛼2 ≪ 𝛼𝛼1 for these limits, and so 𝑞𝑞�𝑜𝑜 = −√𝛼𝛼22 + �𝛼𝛼24 + 𝛼𝛼1 ≅ √𝛼𝛼1 . 
There fo re  𝑞𝑞�𝑜𝑜 = 𝑞𝑞𝑜𝑜2  can  be  wr i t t en  as  𝑞𝑞�𝑜𝑜 = √2𝑛𝑛𝑜𝑜��𝑦𝑦2 + 𝑛𝑛𝑜𝑜2 − 𝑛𝑛𝑜𝑜�2 from 
which it is clear that 𝑞𝑞�𝑜𝑜 ≤ �2𝑦𝑦no. For the first two columns of Table 1  th is 
is  a  good approximat ion.  For c>>r>>1,  𝐶𝐶𝑐𝑐−𝑛𝑛𝑜𝑜 → 𝑟𝑟 and 𝑞𝑞�𝑜𝑜 → �𝑛𝑛𝑜𝑜𝑟𝑟.  The  
product  of  the Cn 's  which appear  in  the  denominator  of Eq.  (5.  1) may 
be writ ten as  
𝑐𝑐 < 𝑟𝑟      𝐶𝐶𝑐𝑐−1𝐶𝐶𝑐𝑐−2 ∙∙∙ 𝐶𝐶𝑐𝑐−𝑛𝑛
𝑐𝑐 > 𝑟𝑟      𝐶𝐶𝑟𝑟−1𝐶𝐶𝑟𝑟−2 ∙∙∙ 𝐶𝐶𝑐𝑐−𝑛𝑛� = 𝐶𝐶𝑜𝑜𝑛𝑛𝑠𝑠𝜕𝜕.�(𝑟𝑟 − 𝑐𝑐 + 𝑛𝑛)!(𝑟𝑟 + 𝑐𝑐 − 𝑛𝑛)! , (5.19) 
where the constant (Const.) is independent of n. In the ground state the 
non-normalized 𝐴𝐴𝑛𝑛
(𝑟𝑟,𝑐𝑐,0) (since Ho(t) = 1) are 
 
Since 𝑞𝑞�𝑜𝑜 ≅ �𝑛𝑛𝑜𝑜�(𝑟𝑟 − 𝑐𝑐 + 𝑛𝑛𝑜𝑜)(𝑟𝑟 + 𝑐𝑐 − 𝑛𝑛𝑜𝑜) > 1 and  us ing Ster l ing 's  
approximat ion for  the factorial  terms  
𝑛𝑛! = √2𝜋𝜋𝑛𝑛𝑛𝑛𝑛𝑛𝑒𝑒−𝑛𝑛 , (5.20b) 
 
Eq .  (5 .  20a)  becomes ,  a f ter  some s imple  a lgebra ,   
 
𝑨𝑨𝒏𝒏
(𝟐𝟐)
≅
𝒆𝒆𝒆𝒆𝒆𝒆�
𝒏𝒏
𝟐𝟐 [𝒍𝒍𝒏𝒏(𝒏𝒏𝒐𝒐) + 𝟏𝟏] + (𝒓𝒓 − 𝒄𝒄 + 𝒏𝒏)𝟐𝟐 𝒍𝒍𝒏𝒏 �𝒓𝒓 − 𝒄𝒄 + 𝒏𝒏𝒐𝒐𝒓𝒓 − 𝒄𝒄 + 𝒏𝒏 � − (𝒓𝒓 + 𝒄𝒄 − 𝒏𝒏)𝟐𝟐 𝒍𝒍𝒏𝒏 �𝒓𝒓 + 𝒄𝒄 − 𝒏𝒏𝒐𝒐𝒓𝒓 + 𝒄𝒄 − 𝒏𝒏 � − 𝒏𝒏 + 𝒄𝒄 − (𝒏𝒏 − 𝒏𝒏𝒐𝒐)𝟐𝟐√𝜶𝜶𝟐𝟐𝟐𝟐𝒒𝒒𝒐𝒐 + 𝒊𝒊𝒏𝒏𝒊𝒊�
��(𝟐𝟐𝟐𝟐𝒏𝒏)𝒓𝒓 − 𝒄𝒄 + 𝒏𝒏𝒓𝒓 + 𝒄𝒄 − 𝒏𝒏�𝟏𝟏/𝟐𝟐 𝒆𝒆𝒆𝒆𝒆𝒆 �𝒓𝒓 − 𝒄𝒄𝟐𝟐 𝒍𝒍𝒏𝒏(𝒓𝒓 − 𝒄𝒄 + 𝒏𝒏𝒐𝒐) − 𝒓𝒓 + 𝒄𝒄𝟐𝟐 𝒍𝒍𝒏𝒏(𝒓𝒓 + 𝒄𝒄 − 𝒏𝒏𝒐𝒐)��  (5.21) 
  
𝐴𝐴𝑛𝑛
(0) ≅ (𝑞𝑞�𝑜𝑜)𝑛𝑛𝑒𝑒𝑖𝑖𝑛𝑛𝜑𝜑
√𝑛𝑛!�(𝑟𝑟 − 𝑐𝑐 + 𝑛𝑛)!(𝑟𝑟 + 𝑐𝑐 − 𝑛𝑛)!𝑒𝑒
−(𝑛𝑛−𝑛𝑛𝑜𝑜)2√𝛼𝛼2
2𝑞𝑞𝑜𝑜  (5.20a) 
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Table 1: Some Limiting Cases 
 
Replace n by no  in  the denominator  of  Eq.  (5 .21) .  These terms in  the  
denominator may then be included in the normalization and can be ignored. 
If  the various 𝑎𝑎𝑛𝑛 terms in the numerator of Eq. (5.  21) are expanded, for  
example 
𝑎𝑎𝑛𝑛 �
𝑛𝑛𝑜𝑜
𝑛𝑛
� = 𝑎𝑎𝑛𝑛 �𝑛𝑛𝑜𝑜 − 𝑛𝑛 + 𝑛𝑛
𝑛𝑛
� ≅
𝑛𝑛𝑜𝑜 − 𝑛𝑛
𝑛𝑛
−
12 (𝑛𝑛𝑜𝑜 − 𝑛𝑛)2𝑛𝑛2  , (5.22) 
 
and then collected,  and i f  the constant  term 𝑒𝑒�
𝑛𝑛𝑜𝑜
2
+𝑛𝑛𝑜𝑜−𝑐𝑐� is dropped, then Eq. 
(5.21) becomes 
 
𝐴𝐴𝑛𝑛
(0) ∝ 𝑒𝑒𝑥𝑥𝑝𝑝 �− (𝑛𝑛𝑜𝑜 − 𝑛𝑛)24 � 1𝑛𝑛𝑜𝑜 + 1𝑟𝑟 − 𝑐𝑐 + 𝑛𝑛𝑜𝑜 − 1𝑟𝑟 + 𝑐𝑐 − 𝑛𝑛𝑜𝑜 + 2√𝛼𝛼2𝑞𝑞𝑜𝑜 �� 𝑒𝑒𝑖𝑖𝑛𝑛𝜑𝜑 (5.23a) 
 𝒄𝒄 = −𝒓𝒓 + 𝝐𝝐
𝒓𝒓 ≫ 𝝐𝝐 ≫ 𝟏𝟏
 𝒓𝒓 ≫ 𝒄𝒄 ≫ 𝟏𝟏 𝒓𝒓 = 𝒄𝒄 ≫ 𝟏𝟏 𝒄𝒄 ≫ 𝒓𝒓 ≫ 𝟏𝟏 
𝜶𝜶𝟐𝟐
𝟐𝟐
 𝟐𝟐𝒓𝒓 �𝟏𝟏 −
𝝐𝝐
𝟐𝟐𝒓𝒓
� √𝟑𝟑𝒓𝒓�𝟏𝟏 + 𝒄𝒄𝟐𝟐
𝟔𝟔𝒓𝒓𝟐𝟐
� 𝟐𝟐𝒄𝒄 𝒄𝒄�𝟏𝟏 + 𝟑𝟑𝒓𝒓𝟐𝟐
𝟐𝟐𝒄𝒄𝟐𝟐
� 
𝒏𝒏𝒐𝒐 
𝝐𝝐
𝟐𝟐
 
𝒓𝒓
√𝟑𝟑
�𝟏𝟏 + 𝟐𝟐𝒄𝒄
√𝟑𝟑𝒓𝒓
� 𝟐𝟐𝒄𝒄
𝟑𝟑
 𝒄𝒄�𝟏𝟏 + 𝒓𝒓𝟐𝟐
𝟐𝟐𝒄𝒄𝟐𝟐
� 
𝑪𝑪𝒄𝒄−𝒏𝒏𝒐𝒐 �𝝐𝝐�𝒓𝒓 −
𝝐𝝐
𝟑𝟑
� �𝟐𝟐
𝟑𝟑
𝒓𝒓 �𝟏𝟏 + 𝒄𝒄
𝟐𝟐√𝟑𝟑𝒓𝒓
� 
𝟐𝟐√𝟐𝟐
𝟑𝟑
𝒄𝒄 𝒓𝒓 
𝜶𝜶𝟏𝟏
𝟐𝟐
 𝝐𝝐
𝟐𝟐(𝒓𝒓 − 𝝐𝝐/𝟑𝟑)
𝟐𝟐
 
𝟐𝟐
𝟑𝟑√𝟑𝟑
𝒓𝒓𝟑𝟑 �𝟏𝟏 + √𝟑𝟑𝒄𝒄
𝒓𝒓
� 
𝟑𝟑𝟐𝟐
𝟐𝟐𝟏𝟏
𝒄𝒄𝟑𝟑 𝒓𝒓𝟐𝟐𝒄𝒄 �𝟏𝟏 + 𝒓𝒓𝟐𝟐
𝟐𝟐𝒄𝒄𝟐𝟐
� 
𝒒𝒒�𝒐𝒐 𝝐𝝐��𝒓𝒓 −
𝝐𝝐
𝟑𝟑
� /𝟐𝟐 √𝟑𝟑𝟐𝟐 √𝟐𝟐
𝟑𝟑
𝒓𝒓𝟑𝟑/𝟐𝟐 𝟐𝟐
𝟑𝟑
�
𝟐𝟐
𝟑𝟑
𝒄𝒄𝟑𝟑/𝟐𝟐 𝒓𝒓√𝒄𝒄 
𝝈𝝈𝟐𝟐 
𝒏𝒏𝒐𝒐
𝟐𝟐
 
𝒏𝒏𝒐𝒐
√𝟔𝟔
 
𝒏𝒏𝒐𝒐
𝟐𝟐√𝟑𝟑
 𝒓𝒓
𝟐𝟐
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T e r m s  h a v e  b e e n  i g n o r e d  i n  E q .  ( 5 . 2 3 a )  w h i c h  r e s u l t e d  f r o m  t h e  
s u b s t i t u t i o n  o f  n o  f o r  n  i n  t h e  i n n e r  s q u a r e  b r a c k e t  o f  t h a t  
e x p r e s s i o n .  F o r  a l l  f o u r  l i m i t i n g  r e g i o n s  o f  T a b l e  1 ,  t h e  s u m  o f  t h e  
f i r s t  t h r e e  t e r m s  i n  t h e  i n n e r  b r a c k e t  o f  E q .  ( 5 . 2 3 a )  i s  v e r y  s m a l l  i n  
c o m p a r i s o n  t o  t h e  l a s t  t e rm;  therefore ,  
𝐴𝐴𝑛𝑛
(0) ≈ 𝑒𝑒𝑥𝑥𝑝𝑝 � −(𝑛𝑛−𝑛𝑛𝑜𝑜)2
4(𝑞𝑞𝑜𝑜)/2√𝛼𝛼2� 𝑒𝑒𝑖𝑖𝑛𝑛𝜑𝜑. (5.23b) 
 
The dispersion in photon number in the ground state is  
 
𝜎𝜎2 = 〈(𝑛𝑛 − 𝑛𝑛𝑜𝑜)2〉 = ∑�𝐴𝐴𝑛𝑛(0)�2(𝑛𝑛 − 𝑛𝑛𝑜𝑜)2
∑�𝐴𝐴𝑛𝑛
(0)�2  
 
or using Eq. (5.23)  
𝜎𝜎2 = 𝑞𝑞𝑜𝑜2√𝛼𝛼2 . (5.24) 
 
T h e  b o t t o m  r o w  o f  T a b l e  1  s h o w s  𝜎𝜎2  f o r  t h e  f o u r  l i m i t i n g  c a s e s .  T h e  
d i spe r s ion  ( 5 .24 )  i s  i n  ever y c ase  smal l e r  t h an  the  "c l as s i c a l "  
d i spe r s ion  ob ta in e d  f rom a  Po i s son  d i s t r i bu t ion ,  namel y 𝜎𝜎2 =n o (6 ) ,  
a l t hou gh  fo r  r  ≥ c  t h e  d i s p e r s i o n  i s  o f  o r d e r  n o,  t h e  a v e r a g e  p h o t o n  
n u m b e r .  W h e n  th e  a mo un t  o f  e n er gy  i n  t h e  e l e c t r oma gn e t i c  f i e l d  
g r e a t l y  e x c e e ds  t he  amoun t  o f  energy ava i l ab l e  t o  the  uncoupled  
a toms ,  t ha t  i s  c>>r ,  t hen  t h e  d i s p e r s i o n  i s  m u c h  l e s s  t h a n  t h e  a v e r a g e  
p h o t o n  n u m b e r  𝑛𝑛𝑜𝑜 ≅ c  a n d  i s  ~𝑟𝑟/2 i n s t e a d .  
In  a  r e c e n t  p a p e r  b y  t h e  a u t h o r ( 1 7 )  a n  e r r o r  w a s  m a d e  i n  
d e r i v i n g  t h e  r e s u l t s  o f  t h e  c o r r e s p o n d i n g  s e c t i o n ,  n a m e l y  t h e  e r r o r  
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w a s  i n  r e p l a c i n g  t h e  p r o d u c t  o f  t e r m s  i n  E q .  ( 5 . 1 9 )  b y  𝐶𝐶𝑐𝑐−𝑛𝑛𝑜𝑜
𝑛𝑛 . The  
wave funct ion  a n d  d i s p e r s i o n  g i v e n  i n  t h a t  p a p e r  w e r e  t h e r e f o r e  
i n c o r r e c t .  
N o t e  t h a t  f o r  t h e  e x c i t e d  s t a t e s ,  j  ≠ 0 ,  a  s i m i l a r  a n a l ys i s  i s  
p o s s i b l e  an d  
𝐴𝐴𝑛𝑛
𝑗𝑗 ≅ 𝑒𝑒𝑥𝑥𝑝𝑝
−𝑗𝑗(𝑛𝑛 − 𝑛𝑛𝑜𝑜)
𝑟𝑟
𝑒𝑒𝑥𝑥𝑝𝑝 �
−𝛼𝛼2
1/2(𝑛𝑛 − 𝑛𝑛𝑜𝑜)22𝑞𝑞𝑗𝑗 �𝐻𝐻𝑗𝑗 ��𝛼𝛼2𝑞𝑞𝑗𝑗2�1/4 (𝑛𝑛 − 𝑛𝑛𝑜𝑜)� 
 
where j<<r. If  j=2r-I where I<<r, then 
 
𝐴𝐴𝑛𝑛
𝑗𝑗 ≅ (−1)𝑛𝑛𝑒𝑒𝑥𝑥𝑝𝑝−𝐼𝐼(𝑛𝑛 − 𝑛𝑛𝑜𝑜)
𝑟𝑟
𝑒𝑒𝑥𝑥𝑝𝑝 �
−𝛼𝛼2
1/2(𝑛𝑛 − 𝑛𝑛𝑜𝑜)22𝑞𝑞𝑗𝑗 �𝐻𝐻𝑗𝑗 ��𝛼𝛼2𝑞𝑞𝑗𝑗2�1/4 (𝑛𝑛 − 𝑛𝑛𝑜𝑜)� 
T h e  s e c o n d  e x p o n e n t i a l  d e p e n d e n c e  p r e d o m i n a t e s  o v e r  t h e  f i r s t .  
T h i s  i s  t h e  r e as on  f o r  t h e  r e s emb l anc e  b e t w e en  ex ac t  s t a t e s  an d  
t h e  s t a t es  o f  t h e  h a r m on i c  o s c i l l a to r .  
The  n ex t  two  app rox imat ions  a re  b ased  o n  mod i f yin g  th e  
magn i tude  o f  e i t h e r  T LM  o r  f i e l d  p a r t  o f  t h e  i n t e r a c t i o n  t e r m s  i n  
t h e  H a m i l t o n i a n .  T h i s  m o d i f i c a t i o n  i s  p e r f o r m e d  o n l y o n  t h e  
i n t e r a c t i o n  t e r m s  a n d  i n  s u c h  a  w a y tha t  R 2 and  (𝑎𝑎†𝑎𝑎+ R 3)  s t i l l  
commute  wi th  t he  Hami l ton i an ;  t ha t  i s ,  r  a n d  c  r e m ai n  go o d  q u an tum  
n um b er s .  
B. Average Field Approach  
The  f i rs t  o f  t hese  modi f i ca t ion  p rocesses  i s  to  average  over  
t he  magn i tude  o f  the  photon  c rea t ion  and  des t ruct ion  opera to r s  i n  
t he  i n t e ra c t i o n  t e r m s  o f  E q .  ( 3 . 4 ) .  T o w a r d s  t h i s  e n d  d e f i n e  
o p e r a t o r s  ℒ,ℒ† (18)for which the following hold 
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L|𝑛𝑛 >= |𝑛𝑛 − 1 > ,𝑛𝑛 > 0             = 0                ,𝑛𝑛 = 0,  (5.25a) 
L†|𝑛𝑛 >= |𝑛𝑛 + 1 > ,              (5.25b) [𝑛𝑛,L] = −L ,                        (5.25c) 
�𝑛𝑛, L†� = L† ,                            (5.25d) 
𝑎𝑎𝑛𝑛𝑑𝑑 �L,L†� = |0 >< 0|.                           (5.25e) 
 
Eq. (5.25e) impl i es  t ha t  ℒ  i s  no t  un i ta r y.  Fo r  a  fu l l  d i scuss ion  o f  
these operators  see reference (18) .  The photon creat ion and 
dest ruction operators  can now be defined in  terms of  ℒ  and ℒ† as  
𝑎𝑎 = L√𝑛𝑛�  (5.26a) 
𝑎𝑎† = √𝑛𝑛�L†, (5.26a) 
where 𝑛𝑛� is simply the number opera to r .  In  t e rms  o f  t hese  new  
oper a tors,  Eq. (3.4) for 𝜔𝜔 = 𝛺𝛺 becomes 
𝐻𝐻 = 𝑛𝑛 + 𝑅𝑅3 − 𝜅𝜅L√𝑛𝑛� 𝑅𝑅+ − 𝜅𝜅∗√𝑛𝑛�L†𝑅𝑅− , (5.27) 
 
and performing the indicated average 
 
 
𝐻𝐻 = 𝑛𝑛 + 𝑅𝑅3 − 𝜅𝜅�𝑛𝑛𝑜𝑜 L𝑅𝑅+ − 𝜅𝜅∗�𝑛𝑛𝑜𝑜L†𝑅𝑅− . (5.28) 
T w o  w a ys  o f  a p p r o a c h i n g  Eq. (5.28) are possible.  The first  is  to a ga i n  
form the difference equation, as was done in the case of the exact  
solution,  by defining a "field" averaged solution 
|𝑟𝑟𝑐𝑐j >��������𝑓𝑓=  � 𝐹𝐹𝑛𝑛|𝑛𝑛 > |𝑟𝑟,𝑚𝑚 >𝑐𝑐+𝑟𝑟
𝑛𝑛=𝑚𝑚𝑚𝑚𝑚𝑚(0,𝑐𝑐−𝑟𝑟)  (5.29) 
 
so that  
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−|𝜅𝜅|𝑒𝑒−𝑖𝑖𝜑𝜑�𝑛𝑛𝑜𝑜 𝐶𝐶𝑐𝑐−𝑛𝑛𝐹𝐹𝑛𝑛−1 + �𝑐𝑐 − 𝜆𝜆𝑓𝑓�𝐹𝐹𝑛𝑛 − |𝜅𝜅|𝑒𝑒𝑖𝑖𝜑𝜑�𝑛𝑛𝑜𝑜 𝐶𝐶𝑐𝑐−𝑛𝑛−1𝐹𝐹𝑛𝑛+1 = 0 , (5.30) 
where al l  understood subscripts (superscripts) have been dropped. 
Following the procedure given for Chapters 3  and 4,  define 
𝐹𝐹𝑛𝑛 = 𝑒𝑒−𝑖𝑖𝑛𝑛𝜑𝜑𝐺𝐺𝑛𝑛𝐶𝐶𝑚𝑚𝑖𝑖𝑛𝑛(𝑐𝑐−1,𝑟𝑟−1) ∙∙∙ 𝐶𝐶𝑐𝑐−𝑛𝑛 , (5.31a) 
so that   
𝐺𝐺𝑛𝑛+1 − 𝑞𝑞𝑓𝑓𝐺𝐺𝑛𝑛 + 𝐶𝐶𝑐𝑐−𝑛𝑛2 𝐺𝐺𝑛𝑛−1 = 0 , (5.31b) 
where  
𝑞𝑞𝑓𝑓 = 𝑐𝑐 − 𝜆𝜆𝑓𝑓|𝜅𝜅|�𝑛𝑛𝑜𝑜  . (5.31c) 
The same boundary condit ions  apply as  previously,  Eq. (4.  1),  
𝐺𝐺𝑚𝑚𝑚𝑚𝑚𝑚(−1,𝑐𝑐−𝑟𝑟−1) = 𝐺𝐺𝑐𝑐+𝑟𝑟+1 = 0 , (5.32a) 
implying that   
𝐺𝐺𝑛𝑛 = � (−1)𝑙𝑙𝑈𝑈𝑙𝑙(𝑡𝑡−1)[𝑡𝑡/2]
𝑙𝑙=0
 , (5.32b) 
and  
𝑈𝑈𝑙𝑙
𝑡𝑡 = 𝑞𝑞𝑓𝑓𝑡𝑡−2𝑙𝑙 � � � ∙∙∙ � � � 𝐶𝐶𝑐𝑐−(𝑗𝑗+𝛼𝛼)2
𝑗𝑗={𝑚𝑚𝑖𝑖} �
𝑡𝑡
𝑚𝑚𝑙𝑙=𝑚𝑚𝑙𝑙−1+2
𝑡𝑡
𝑚𝑚3=𝑚𝑚2+2
𝑡𝑡
𝑚𝑚2=𝑚𝑚1+2
𝑡𝑡
𝑚𝑚1=1
. (5.32c) 
Again  the  ef fec t ive  e igenvalues  𝑞𝑞𝑓𝑓 a re  found f rom the  roots  of  G c+r+1=0  
a n d  a l l  s t a t e m e n t s  a b o u t  t h e i r  n u m b e r  a n d  s ym m e t r i e s  a r e  t h e  s a m e  
a s  g i v e n  a f t e r  E q .  ( 4 . 7 )  f o r  t h e  s p e c i a l  c a s e  𝜔𝜔 = 𝛺𝛺.  A l s o  f o r  t h e  c a s e  
t h a t  (2 r +1 ,  r +c +1)  i s  odd ,  t he  ex ac t  non-normal i z ed  s o lu t ion  when  
q f=0  an d  𝛽𝛽=0 for  even t  i s  
𝐹𝐹𝑛𝑛 = (−1)𝑡𝑡𝑒𝑒−𝑖𝑖𝑡𝑡𝜑𝜑�𝐶𝐶𝑐𝑐−(𝑡𝑡−1+𝛼𝛼)2 ∙∙∙ 𝐶𝐶𝑐𝑐−(1+𝛼𝛼)2𝐶𝐶𝑐𝑐−(𝑡𝑡+𝛼𝛼)2 ∙∙∙ 𝐶𝐶𝑐𝑐−(2+𝛼𝛼)2  . (5.33) 
Numer i c a l  so lu t ion s  fo r  t he  F n  and  𝑞𝑞𝑓𝑓
(𝑗𝑗) wer e  ob t a in ed  as  o u t l i ned  in  
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A p p e n d i x  A  a s  i n  t h e  c a s e  o f  t h e  e x a c t  s o l u t i o n .  Fo r  c > r ,  t h e  f a c t  
t h a t  t h e  q f ' s  a r e  fo u nd  to  l i e  a l on g  a  s t r a i gh t  l i n e  l ead s  t o  an o th e r  
f o rm a l  a p p r o a c h  t o  E q .  ( 5 . 2 8 )  v a l i d  f o r  c  >  r .  R e w r i t i n g  E q .  ( 5 .  2 8 )  
g i v e s  formally 
 
𝐻𝐻 = � (𝑎𝑎†𝑎𝑎 + 𝑅𝑅3)
𝑁𝑁
𝑁𝑁
𝑗𝑗=1
− 𝜅𝜅�𝑛𝑛𝑜𝑜 L𝑅𝑅𝑗𝑗+ − 𝜅𝜅∗�𝑛𝑛𝑜𝑜L†𝑅𝑅𝑗𝑗− . (5.34) 
R e c a l l i n g  t h a t  c  i s  a  g o o d  q u a n t u m  n u m b e r ,  r e p l a c e  t h e  f i r s t  t e r m  b y  
 
𝑐𝑐𝑗𝑗 = 𝑐𝑐𝑁𝑁 (5.35) 
This  ma y be  in t erp re t ed  as  the  Hami l tonian  o f  N separa te  TLMs  
i n t e r a c t i n g  w i t h  t h e  e l e c t r o m a g n e t i c  f i e l d .  E a c h  i n t e r a c t i o n  
c o n s e r v e s  t h e  a v e r a g e  e n e r g y  c  o f  t h e  s ys t e m  b u t  t h e  T LM s  " s e e "  
e a c h  o t h e r  o n l y t h r o u g h  a n  average field.  Therefore this problem can  
be t reated b y  s o l v i n g  e x a c t l y  f o r  t h e  e i g e n v a l u e s  a n d  v e c t o r s  f o r  
j u s t  o n e  T L M ,  a n d  t h e  t o t a l  s t a t e  a n d  e n e r g y  o f  t h e  s ys t e m  i s  
f o r m e d  f r o m  t h e  s i n g l e  T LM  in such a way as to give states of total  r,  
c,  and j,  where j  is  an index representing the energy of the state.  
The mat r ix  for  one TLM interac t ing with the f ield  in  te rms of  the basis 
states |𝑐𝑐𝑗𝑗 −
1
2
> | 1
2
, 1
2
> 𝑎𝑎𝑛𝑛𝑑𝑑 |𝑐𝑐𝑗𝑗 + 12 > | 12 ,−12 > is displayed in Figure 4. 
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𝒄𝒄𝒋𝒋 −𝜿𝜿�𝒏𝒏𝒐𝒐 
−𝜿𝜿∗�𝒏𝒏𝒐𝒐 𝒄𝒄𝒋𝒋 
Figure 4 : 
 
The eigenvalues and eigenvectors for  the ground and excited 
s tates ,  respect ively,  for  this  (s ingle in teract ing)  TLM case are easi l y 
found to be 
𝜆𝜆𝑜𝑜 = 𝑐𝑐𝑗𝑗 − |𝜅𝜅|�𝑛𝑛𝑜𝑜 
 
(5.36a) | 12 , 𝑐𝑐j, 0 >�������������𝑓𝑓= 1√2 �|𝑐𝑐𝑗𝑗 − 12 > | 12 , 12 > 𝑒𝑒𝑖𝑖𝜑𝜑 + |𝑐𝑐𝑗𝑗 + 12 > | 12 ,−12 >� 
 
(5.36b) 
𝜆𝜆1 = 𝑐𝑐𝑗𝑗 + |𝜅𝜅|�𝑛𝑛𝑜𝑜 
 
(5.36c) | 12 , 𝑐𝑐j, 1 >�������������𝑓𝑓= 1√2 �|𝑐𝑐𝑗𝑗 − 12 > | 12 , 12 > −|𝑐𝑐𝑗𝑗 + 12 > | 12 ,−12 > 𝑒𝑒−𝑖𝑖𝜑𝜑� (5.36d) 
 
These eigenvectors are generated from the non-interacting basis states by 
a rotation of 45° in the internal space of TLM plus field. The states  |𝑟𝑟, 𝑐𝑐,j������ >𝑓𝑓 are constructed in a manner similar to that  used by Dicke(7 )  and 
make full use of the definit ions of the |r ,  m> states. Construct  a state from 
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the single TLM states such that r and c are constants of motion and that  
this state has n+ TLMs in the excited state and 𝑛𝑛− TLMs in the ground 
state.  The total energy of the system is then 
𝜆𝜆𝑗𝑗
(𝑓𝑓) = (𝑛𝑛+ + 𝑛𝑛−)𝑐𝑐𝑗𝑗 + (𝑛𝑛+ − 𝑛𝑛−)|𝜅𝜅|�𝑛𝑛𝑜𝑜 = 𝑐𝑐 − 2|𝜅𝜅|�𝑛𝑛𝑜𝑜(𝑟𝑟 − 𝑗𝑗) (5.36e) 
 
The ground state is  represented by j=0 and 𝑛𝑛−=N=2r.  The index m is not  
used  here  for  𝑛𝑛+ − 𝑛𝑛− s ince m i s  reserved  to  represent  the  internal  
energy of the N non-interacting TLMs . 
If the ground and excited TLM states are represented by - and +, 
then the state |𝑟𝑟, 𝑐𝑐,j������ >𝑓𝑓 is  constructed from these states in exactly the 
same way that the |r,m> states are constructed from | ↑>= | 1
2
 ,  1
2
> a n d  | ↓>= | 1
2
,−1
2
> s t a t e s .  I t  i s  m o r e  d i f f i c u l t ,  h o w e v e r ,  t o  g i v e  the |𝑟𝑟, 𝑐𝑐,j������ >𝑓𝑓 in terms of the |n>|r ,m> states hence t h e s e  c o n s t r u c t i o n s  were 
found by inspection. For example,  consider  the two TLM cases .  States 
are given by 
 |1, 𝑐𝑐, 2 >�����������𝑓𝑓= |+> |+> , 
 
(5.37) 
|1, 𝑐𝑐, 1 >�����������𝑓𝑓= 1
√2 (|+> |−> +|−> |+>), 
 |1, 𝑐𝑐, 0 >�����������𝑓𝑓= |−> |−>, 
and |0, 𝑐𝑐, 0 >�����������𝑓𝑓= 1
√2 (|+> |−> −|−> |+>). 
  
In terms of the |r ,  m > states, upon inserting the photon states,  these 
are 
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 |𝟏𝟏, 𝒄𝒄,𝟐𝟐 >𝒇𝒇= 𝟏𝟏𝟐𝟐 �| ↑> | ↑> +𝒆𝒆𝒊𝒊(𝟐𝟐−𝒊𝒊)[| ↑> | ↓> +| ↓> | ↑>] + 𝒆𝒆𝟐𝟐𝒊𝒊(𝟐𝟐−𝒊𝒊)| ↓> | ↓>�= 𝟏𝟏
𝟐𝟐
�|𝒄𝒄 − 𝟏𝟏 > �𝟏𝟏,𝟏𝟏 > +√𝟐𝟐𝒆𝒆𝒊𝒊(𝟐𝟐−𝒊𝒊)�𝒄𝒄 > �𝟏𝟏,𝟐𝟐 > +𝒆𝒆𝟐𝟐𝒊𝒊(𝟐𝟐−𝒊𝒊)�𝒄𝒄 + 𝟏𝟏 > |1,−1 >�;  
(5.38) 
 |𝟏𝟏, 𝒄𝒄,𝟏𝟏 >𝒇𝒇= 𝟏𝟏
𝟐𝟐√𝟐𝟐
�| ↑> | ↑> 𝒆𝒆𝒊𝒊𝒊𝒊 + | ↑> | ↓> +𝑒𝑒𝒊𝒊(𝟐𝟐−𝒊𝒊)| ↓> | ↑> 𝒆𝒆𝒊𝒊𝒊𝒊 + 𝒆𝒆𝒊𝒊(𝟐𝟐−𝒊𝒊)| ↓> | ↓>�                  
= 𝟏𝟏
𝟐𝟐√𝟐𝟐
�| ↑> | ↑> 𝒆𝒆𝒊𝒊𝒊𝒊 + | ↑> | ↓> 𝒆𝒆𝒊𝒊𝟐𝟐 + | ↓> | ↑> +𝒆𝒆𝒊𝒊(𝟐𝟐−𝒊𝒊)| ↓> | ↓>�
= 𝟏𝟏
𝟐𝟐√𝟐𝟐
�𝟐𝟐|𝒄𝒄 − 𝟏𝟏 > �𝟏𝟏,𝟏𝟏 > 𝒆𝒆𝒊𝒊𝒊𝒊 + √𝟐𝟐�𝟏𝟏 + 𝒆𝒆𝒊𝒊𝟐𝟐��𝒄𝒄 > �𝟏𝟏,𝟐𝟐 > +𝟐𝟐𝒆𝒆𝒊𝒊(𝟐𝟐−𝒊𝒊)�𝒄𝒄 + 𝟏𝟏 > |1,−1 >�
= 𝟏𝟏
√𝟐𝟐
�|𝒄𝒄 − 𝟏𝟏 > �𝟏𝟏,𝟏𝟏 > 𝒆𝒆𝒊𝒊𝒊𝒊 + 𝒆𝒆𝒊𝒊(𝟐𝟐−𝒊𝒊)�𝒄𝒄 + 𝟏𝟏 > |1,−1 >�; 
 |𝟏𝟏, 𝒄𝒄,𝟐𝟐 >𝒇𝒇= 𝟏𝟏𝟐𝟐 �| ↑> | ↑> 𝒆𝒆𝟐𝟐𝒊𝒊𝒊𝒊 + 𝒆𝒆𝒊𝒊𝒊𝒊(| ↑> | ↓> +| ↓> | ↑>) + | ↓> | ↓>�= 𝟏𝟏
𝟐𝟐
�|𝒄𝒄 − 𝟏𝟏 > �𝟏𝟏,𝟏𝟏 > 𝒆𝒆𝟐𝟐𝒊𝒊𝒊𝒊 + √𝟐𝟐𝒆𝒆𝒊𝒊𝒊𝒊�𝒄𝒄 > |1,0 > +|𝑐𝑐 + 1 > |1,−1 >� 
and |𝟐𝟐, 𝒄𝒄,𝟐𝟐 >𝒇𝒇= 𝟏𝟏
𝟐𝟐√𝟐𝟐
��𝟏𝟏 − 𝒆𝒆𝒊𝒊𝟐𝟐�(| ↑> | ↓> −| ↓> | ↑>)� = |𝒄𝒄 > |0,0 > 
The general state |r,c,j >f for r = N/2 is now given. This state may be 
generalized for states with r <N/2 since the form of these states, wi th  
r≤N/2,  in  te rms of  | r ,  m> s tates  is  exact ly the  same as  for  s tates  
w h e r e  r = 𝑟𝑟′, 𝑟𝑟′ =𝑁𝑁′/ 2 ,  𝑁𝑁′ ≠N. 
 |𝑟𝑟, 𝑐𝑐,j������ >𝑓𝑓= 12𝑁𝑁/2� 𝑁𝑁!𝑛𝑛+!𝑛𝑛−!����|𝑐𝑐𝑗𝑗 −
12 > | 12 , 12 > +|𝑐𝑐𝑗𝑗 + 12 > | 12 ,−12 > 𝑒𝑒𝑖𝑖(𝑖𝑖−𝜑𝜑)�𝑘𝑘𝑛𝑛+
𝑘𝑘=1𝜌𝜌
× ��|𝑐𝑐𝑗𝑗 − 12 > | 12 , 12 > 𝑒𝑒𝑖𝑖𝜑𝜑 + |𝑐𝑐𝑗𝑗 + 12 > | 12 ,−12 >�𝑘𝑘′𝑛𝑛−
𝑘𝑘′=1
� , 𝑟𝑟 = 𝑁𝑁2  
(5.39) 
 where 𝜌𝜌 represents the various permutations on the ground and 
excited states and k and 𝑘𝑘′ represent the different excited and ground 
46 
 
state TLMs interacting with the field.  This state  may be represented 
by a double sum 
 
|𝑟𝑟, 𝑐𝑐,j������ >𝑓𝑓= 12𝑁𝑁/2� 𝑁𝑁!𝑛𝑛+!𝑛𝑛−!� � 𝑒𝑒𝑖𝑖𝑘𝑘(𝑖𝑖−𝜑𝜑)𝑒𝑒𝑖𝑖�𝑛𝑛−−𝑘𝑘′�𝜑𝜑
𝑛𝑛−
𝑘𝑘′=0
𝑛𝑛+
𝑘𝑘=0
× � 𝑛𝑛+!
𝑘𝑘! (𝑛𝑛+ − 𝑘𝑘)!� × � 𝑛𝑛−!𝑘𝑘′! (𝑛𝑛− − 𝑘𝑘′)!� × � 𝑁𝑁!𝑛𝑛+!𝑛𝑛−!� ÷ � 𝑁𝑁!(𝑘𝑘 + 𝑘𝑘′)! (𝑁𝑁 − 𝑘𝑘 − 𝑘𝑘′)!�
× � 𝑁𝑁!(𝑘𝑘 + 𝑘𝑘′)! (𝑁𝑁 − 𝑘𝑘 − 𝑘𝑘′)! |𝑐𝑐 − �𝑟𝑟 − (𝑘𝑘 + 𝑘𝑘′)� > |𝑟𝑟, 𝑟𝑟 − (𝑘𝑘 + 𝑘𝑘′) > . 
(5.40) 
The first phase factor and first factorial term comes from the phase and 
number of terms encountered in the product over the individual excited 
s tate  TLMs interact ing with the f ield .  The second phase  factor  and  
second fac tor ia l  t e rm comes  f rom the  p roduct  over  ind iv idual  ground  
s tates .  The thi rd factorial  term comes from the number of  permutat ions  
over  the n+  and n_ excited and ground states.  The fourth factorial  t e rm 
comes  f rom the  number  of  t e rms  necessary to  form the  | r ,m> states 
and the square root term is necessary so that the |r ,m> states a r e  
n o r m a l i z e d .  P e r f o r m i n g  a  c a n c e l l a t i o n  o f  t e r m s  i n  E q .  (5 . 4 0 )  gives 
 
|𝑟𝑟, 𝑐𝑐,j������ >𝑓𝑓= 12𝑁𝑁/2� 𝑁𝑁!𝑛𝑛+!𝑛𝑛−!� � 𝑒𝑒𝑖𝑖𝑘𝑘(𝑖𝑖−𝜑𝜑)𝑒𝑒𝑖𝑖�𝑛𝑛−−𝑘𝑘′�𝜑𝜑
𝑛𝑛−
𝑘𝑘′=0
𝑛𝑛+
𝑘𝑘=0
× �𝑘𝑘 + 𝑘𝑘′�! �𝑁𝑁 − �𝑘𝑘 + 𝑘𝑘′�!�
𝑘𝑘! (𝑛𝑛+ − 𝑘𝑘)!𝑘𝑘′! (𝑛𝑛− − 𝑘𝑘′)!� 𝑁𝑁!(𝑘𝑘 + 𝑘𝑘′)! �𝑁𝑁 − (𝑘𝑘 + 𝑘𝑘′)� ! 
× |𝑐𝑐 − �𝑟𝑟 − �𝑘𝑘 + 𝑘𝑘′�� > |𝑟𝑟, 𝑟𝑟 − �𝑘𝑘 + 𝑘𝑘′� > . 
(5.41) 
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Define L=k+𝑘𝑘′; m=r-L, 𝐿𝐿′ = 𝑘𝑘 − 𝑘𝑘′.Also note that 𝑛𝑛+ = 𝑗𝑗,𝑛𝑛− = 𝑁𝑁 − 𝑗𝑗, and 𝑁𝑁 =2𝑟𝑟. Therefore 
 
|𝑟𝑟, 𝑐𝑐,j������ >𝑓𝑓= 12𝑟𝑟� (2𝑟𝑟)!𝑗𝑗! (2𝑟𝑟 − 𝑗𝑗)!� � 𝑒𝑒
�𝐿𝐿+𝐿𝐿′�𝑖𝑖𝑖𝑖
2 [𝐿𝐿! (2𝑟𝑟 − 𝐿𝐿)!]𝑢𝑢𝑜𝑜′
𝐿𝐿′=𝑑𝑑𝑜𝑜𝑑𝑑𝑛𝑛
2𝑟𝑟
𝐿𝐿=0
÷ ��𝐿𝐿 + 𝐿𝐿′2 � !�𝐿𝐿 − 𝐿𝐿′2 � !�𝑗𝑗 − �𝐿𝐿 + 𝐿𝐿′2 �� !�𝑛𝑛− − �𝐿𝐿 − 𝐿𝐿′2 �� !�
× 𝑒𝑒(𝑛𝑛−−𝐿𝐿)𝜑𝜑� (2𝑟𝑟)!
𝐿𝐿! (2𝑟𝑟 − 𝐿𝐿)! |𝑐𝑐 − 𝑚𝑚 > |𝑟𝑟,𝑚𝑚 > , 
(5.42a) 
where  
𝑛𝑛− = 2𝑟𝑟 − 𝑗𝑗 , (5,42b) 
𝑚𝑚 = 𝑟𝑟 − 𝐿𝐿 , (5.42c) 
𝑑𝑑𝑜𝑜𝑑𝑑𝑛𝑛 = 𝑚𝑚𝑎𝑎𝑥𝑥[−𝐿𝐿, 𝐿𝐿 − 2𝑛𝑛−] , (5.42d) 
𝑢𝑢𝑝𝑝 = 𝑚𝑚𝑖𝑖𝑛𝑛[𝐿𝐿, 2𝑗𝑗 − 𝐿𝐿] . (5.42e) 
a n d  t h e  p r i m e  o n  t h e  s e c o n d  s u m  i n d i c a t e s  t h a t  o n l y  e v e r y  o t h e r  
v a l u e  s t a r t i n g  w i t h  " d o w n "  i s  u s e d  i n  t h e  s u m .  E q u a t i o n  ( 5 . 4 2 a )  i s  
t h e  g e n e r a l  |𝑟𝑟, 𝑐𝑐,j������>  f  s t a t e  e x p r e s s e d  i n  t e r m s  o f  | c - m > | r ,  m >  s t a t e s  
e v e n  f o r  r≠N / 2 .  In  t h e s e  t e rm s  th e  g ro un d  s t a t e  i s  
|𝑟𝑟, 𝑐𝑐, 0������� >𝑓𝑓= 12𝑟𝑟�𝑒𝑒𝑖𝑖(2𝑟𝑟−𝐿𝐿)𝜑𝜑� (2𝑟𝑟)!𝐿𝐿! (2𝑟𝑟 − 𝐿𝐿)!2𝑟𝑟
𝐿𝐿=0
|𝑐𝑐 − 𝑚𝑚 > |𝑟𝑟,𝑚𝑚 > (5.43a) 
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with energy 
 
𝜆𝜆𝑜𝑜
(𝑓𝑓) = 𝑐𝑐 − 2𝑟𝑟|𝜅𝜅|�𝑛𝑛𝑜𝑜 , (5.43b) 
 
and the most excited state is  
 
|𝑟𝑟, 𝑐𝑐, 2𝑟𝑟��������� >𝑓𝑓= 12𝑟𝑟�𝑒𝑒𝑖𝑖𝐿𝐿(𝑖𝑖−𝜑𝜑)� (2𝑟𝑟)!𝐿𝐿! (2𝑟𝑟 − 𝐿𝐿)!2𝑟𝑟
𝐿𝐿=0
|𝑐𝑐 − 𝑚𝑚 > |𝑟𝑟,𝑚𝑚 > , (5.43c) 
with energy  
𝜆𝜆2𝑟𝑟
(𝑓𝑓) = 𝑐𝑐 + 2𝑟𝑟|𝜅𝜅|�𝑛𝑛𝑜𝑜 . (5.43d) 
 
In  t h e  p r esen t  appr ox imat ion ,  wh ich  i s  va l id  when  c  ≥ 5 r ,  i t  i s  s een  
tha t  < m >≡0 .  T h i s  m a y  b e  u n d e r s t o o d  b y  r e a l i z i n g  t h a t  t h e  
a v e r a g e  o f  " m "  in  bo th  the  ex ci t ed  and  ground  s t a t es  fo r  t he  s ing l e  
T LM in t e rac t ing  wi th  t h e  f i e l d  i s  z e r o ;  t h e r e f o r e ,  t h e  c o n s t r u c t e d  
s t a t e s  |𝑟𝑟, 𝑐𝑐,j������ >𝑓𝑓 m u s t  a l s o  have  <m> =  0 .  Th is  means  t ha t  n o  ≅ c  and  
tha t  
 
𝜆𝜆𝑗𝑗
(𝑓𝑓) = 𝑐𝑐 − 2(𝑟𝑟 − 𝑗𝑗)|𝜅𝜅|�𝑛𝑛𝑜𝑜 . (5.44) 
I t  i s  o f  i n te res t  to  note  tha t  a  d i f f eren t i a l  equat ion  may a l so  be  
ob t a ined  f r om a  d i f fe r enc e  equ a t ion  wi th in  t he  p resen t  
approx imat ion .  The technique i s  ident ica l  to  tha t  used  in  
approximat ion  "A" of  th i s  sec t ion .  T h e  e i g e n v a l u e s  o b t a i n e d  i n  t h i s  
w a y a r e  given by 
�𝜆𝜆𝑓𝑓�𝑑𝑑𝑖𝑖𝑓𝑓𝑓𝑓 = 𝑐𝑐 − 2|𝜅𝜅|�𝑛𝑛𝑜𝑜  �– �𝑗𝑗 + 12� + ��𝑗𝑗 + 12�2 + �𝑟𝑟 + 12 �2�. (5.45) 
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B y  c o m p a r i n g  t h e  g r o u n d  s t a t e  e n e r g i e s  c a l c u l a t e d  b y  E q .  
( 5 . 4 5 ) ,  E q .  ( 5 . 4 4 ) ,  o r  b y  E q .  ( 5 . 1 6 ) ,  ( t h e  l a s t  o f  w h i c h  i s  o b t a i n e d  
w i t h i n  t h e  f r a m e work  o f  the  d i f fe ren t i a l  equat ion  approx imat ion  fo r  
t he  ex ac t  Hami l toni an ) ,  i t  i s  s e e n  t h a t  a l l  t h r e e  r e s u l t s  a g r e e  f o r  
c≥r  b u t  d i s a g r e e  m a r k e d l y  fo r  c<r .  W hen  c≥5r  t he  ex t en t  o f  
agreemen t  be tween  the  ex act  e igenv a l u e s  a n d  t h o s e  c a l c u l a t e d  f r o m  
E q .  ( 5 . 4 4 )  i s  t o  a t  l e a s t  t h r e e  s i g n i f i can t  f i gu res ,  and  the  "ex ac t "  
and  "approx imate"  e igenvec to rs  a re  a lmos t  i n d i s t i n g u i s h a b l e .  T h e  
a b o v e  a p p r o x i m a t i o n s  f o r  c > r  c o u l d  b e  i n t e rp r e t ed  as  t he  N - T LM s 
b e in g  b a th e d  i n  a  l a r ge  p ho to n  f l ux  s u c h  th a t  t h e  T LM s  a r e  i n  
t h e r m a l  e q u i l i b r i um ,  w i t h  ex a c t l y  h a l f  t h e  T LM s  e x c i t ed  ( i n f in i t e  
p os i t i v e  t e mp e r a tu r e . )  O f  c ou rs e ,  i n  t h i s  ap p rox im at io n  a l l  
q u e s t i o n s  o f  s p o n ta n e o u s  e m i s s i o n  e f f e c t s  a r e  c o m p l e t e l y  i gn o r e d .  
I t  i s  a l so  of  in t e res t  tha t  𝜎𝜎2 fo r  the ground state and most excited state 
equals r/2 as in Table 1. 
C. Modified TLM Approach  
In  Sect ion  B an  approx imat ion  val id  fo r  c  >  r  has  been  
d i scussed .  An a p p r ox im at i on  v a l i d  f o r  c  <  0  w ou ld  a l so  be  
c o nv e n i en t .  T o wa rd  t h i s  en d  r e w r i t e  E q .  (3 .4 )  a s  
 
𝐻𝐻 = 𝑅𝑅3 + 𝑎𝑎†𝑎𝑎 − 𝜅𝜅�𝑅𝑅2 − 𝑅𝑅32 + 𝑅𝑅3𝛤𝛤+𝑎𝑎 − 𝜅𝜅∗𝛤𝛤−�𝑅𝑅2 − 𝑅𝑅32 + 𝑅𝑅3𝑎𝑎† , (5.46) 
where  
𝛤𝛤+|𝑟𝑟,𝑚𝑚 >= |𝑟𝑟,𝑚𝑚 + 1 > , (5.47a) 
𝛤𝛤+|𝑟𝑟, 𝑟𝑟 >= 0 , (5.47b) 
𝛤𝛤−|𝑟𝑟,𝑚𝑚 >= |𝑟𝑟,𝑚𝑚 − 1 > , (5.47c) 
𝛤𝛤−|𝑟𝑟,−𝑟𝑟 >= 0 . (5.47d) 
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In  o r d e r  t o  a p p r o x i m a t e  t h e  T LM  p a r t  o f  t h e  i n t e r a c t i o n ,  n a m e l y  t o  
m o d i f y  t h e  o p e r a t o r  �𝑅𝑅2 − 𝑅𝑅32 + 𝑅𝑅3, i t  i s  n e c e s s a r y  t o  d e f i n e  a n  
o p e r a t o r  𝐿𝐿� = R 3 + r  s u c h  t h a t  𝐿𝐿� | r ,  m >  =  ( m + r ) | r ,  m >  =  ℓ | r ,  m > .  S i n c e  
c  <  0 ,  m  c a n  b e  a s s u m e d  t o  b e  n e a r  - r  s o  t h a t  ℓ< <  r .  R e p l a c e  t he  
opera to r  R 2  b y r ( r+ 1)  i n  �𝑅𝑅2 − 𝑅𝑅32 + 𝑅𝑅3 ob ta ining�(r − R3)(r + R3 + 1) .  In  
terms of 𝐿𝐿� this becomes �(2r − 𝐿𝐿�)(𝐿𝐿� + 1)  and the approximation consists 
o f  d r o p p i n g  t h e  t e r m s  d u e  t o  𝐿𝐿�2 and 𝐿𝐿� s o  t h a t  �𝑅𝑅2 − 𝑅𝑅32 + 𝑅𝑅3 →
�2r(𝐿𝐿� + 1)  Then  Eq.  (5 .46)  becomes  
𝐻𝐻𝑇𝑇 = 𝑅𝑅3 + 𝑎𝑎†𝑎𝑎 − 𝜅𝜅�2𝑟𝑟�𝐿𝐿� + 1�𝛤𝛤+𝑎𝑎 − 𝜅𝜅∗𝛤𝛤−�2𝑟𝑟�𝐿𝐿� + 1�𝑎𝑎† . (5.48) 
T h e r e  e x i s t s  a  o n e - t o - o n e  c o r r e s p o n d e n c e  b e t w e e n  t h e  i n t e r a c t i o n  
t e r m s  of  this  Hamil tonian expressed in  terms of  the s tates  
|0> |r ,c>; |1> |r ,c -1>; ∙∙∙| c - r >  | r , - r >  a n d  t h e  i n t e r a c t i o n  t e r m s  o f  t h e  
H a m i l t o n i a n  
𝐻𝐻𝑓𝑓 = 𝑅𝑅3 + 𝑎𝑎†𝑎𝑎 − 𝜅𝜅√2𝑟𝑟𝑅𝑅+ℒ − 𝜅𝜅∗√2𝑟𝑟𝑅𝑅−ℒ† . (5.49) 
expressed in terms of the states |0> |r '  r '>;  |1>|r', r '-1>; ∙∙∙ | r '> | r ' , -  r '> 
where  r '= 𝑐𝑐+𝑟𝑟
2
.  F rom the  cor respondence  to  Sect ion  B of  this chapter,  i t  
can be seen that  the deviation from the average energy c  f o r  t h e  
H a m i l t o n i a n  i n  E q .  ( 5 . 4 9 )  i s  - 2 ( r ' - j )√2𝑟𝑟 w h e r e  j  r u n s  f r o m  0  to  (2r ' )  
and  2r  r ep l aces  n o  i n  Eq.  (5 .36 ) .  Therefore  
𝜆𝜆𝑗𝑗
(𝑇𝑇) = 𝑐𝑐 − (𝑐𝑐 + 𝑟𝑟 − 2𝑗𝑗)|𝜅𝜅|√2𝑟𝑟 . (5.50) 
where j = 0,1,∙∙∙c+r. 
Also from this  analogy the states  |𝑟𝑟, 𝑐𝑐,j������ >𝑇𝑇 are given  
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|𝑟𝑟, 𝑐𝑐,j������ >𝑇𝑇= 12(𝑐𝑐+𝑟𝑟)/2� (𝑐𝑐 + 𝑟𝑟)!𝑗𝑗! (𝑐𝑐 + 𝑟𝑟 − 𝑗𝑗)!� � 𝑒𝑒
�𝐿𝐿+𝐿𝐿′�𝑖𝑖𝑖𝑖
2 [𝐿𝐿! (𝑐𝑐 + 𝑟𝑟 − 𝐿𝐿)!]𝑢𝑢𝑜𝑜𝑇𝑇′
𝐿𝐿′=𝑑𝑑𝑜𝑜𝑑𝑑𝑛𝑛𝑇𝑇
𝑐𝑐+𝑟𝑟
𝐿𝐿=0
÷ ��𝐿𝐿 + 𝐿𝐿′2 � !�𝐿𝐿 − 𝐿𝐿′2 � !�𝑗𝑗 − �𝐿𝐿 + 𝐿𝐿′2 �� !�𝑛𝑛− − �𝐿𝐿 − 𝐿𝐿′2 �� !�
× 𝑒𝑒(𝑛𝑛−−𝐿𝐿)𝜑𝜑� (𝑐𝑐 + 𝑟𝑟)!
𝐿𝐿! (𝑐𝑐 + 𝑟𝑟 − 𝐿𝐿)! |𝐿𝐿 > |𝑟𝑟, 𝑐𝑐 − 𝐿𝐿 > , 
(5.51) 
where  
𝑛𝑛− = 𝑐𝑐 + 𝑟𝑟 − 𝑗𝑗 , 
 
(5.52a) 
𝑑𝑑𝑜𝑜𝑑𝑑𝑛𝑛𝑇𝑇 = 𝑚𝑚𝑎𝑎𝑥𝑥[−𝐿𝐿, 𝐿𝐿 − 2𝑛𝑛−] , 
 
(5.52b) 
𝑢𝑢𝑝𝑝𝑇𝑇 = 𝑚𝑚𝑖𝑖𝑛𝑛[𝐿𝐿, 2𝑗𝑗 − 𝐿𝐿] , (5.52c) 
and the prime on the second sum again means sum over only every other 
term starting with 𝐿𝐿′ = 𝑑𝑑𝑜𝑜𝑑𝑑𝑛𝑛𝑇𝑇.  
 The ground state is  
|𝑟𝑟, 𝑐𝑐,0������� >𝑇𝑇= 12(𝑐𝑐+𝑟𝑟)/2�𝑒𝑒𝑖𝑖(𝑐𝑐+𝑟𝑟−𝐿𝐿)𝜑𝜑� (𝑐𝑐 + 𝑟𝑟)!𝐿𝐿! (𝑐𝑐 + 𝑟𝑟 − 𝐿𝐿)!𝑟𝑟+𝑐𝑐
𝐿𝐿=0
|𝐿𝐿 > |𝑟𝑟, 𝑐𝑐 − 𝐿𝐿 > , (5.53a) 
with energy  
𝜆𝜆𝑜𝑜
(𝑇𝑇) = 𝑐𝑐 − (𝑐𝑐 + 𝑟𝑟)|𝜅𝜅|√2𝑟𝑟 . (5.53b) 
 
By c o n s u l t i n g  T a b l e  1  f o r  t h e  c a s e  c  <  0  a n d  r e c a l l i n g  t h a t  𝝐𝝐 = c + r ,  
i t  i s  e a s i l y  s e e n  t h a t  t h e  g r o u n d  s t a t e  e n e r g i e s  a g r e e .  A l s o  f o r  
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c <  0  t h e  e f f e c t i v e  e i ge n va lu e s  l i e  a l on g  a  s t r a i gh t  l i ne  i n  a g r e em e n t  
w i t h  Eq . (5 .5 0 ) .  O f  c o u r s e ,  f o r  t h i s  c a s e  t h e  a v e r a g e  v a l u e  o f  " m "  
≠ 0 .  I n  E q .  ( 5 . 5 3 )  L  r e p r e s e n t s  t h e  n u m b e r  o f  p h o t o n s  s o  t h a t  
<L>=𝑐𝑐+𝑟𝑟
2
 a g r e e i n g  w i t h  t h e  r e s u l t s  i n  T a b l e  1 ;  a l s o ,  〈𝐿𝐿2〉 − 〈𝐿𝐿〉2 = 𝑐𝑐+𝑟𝑟
4
, 
a g a i n  a g r e e i n g  w i th  t h e  r es u l t  f r om  t he  t ab l e .  
The above approx imat ion  may be  unders tood  as  ind iv idual  
photons  i n t e r a c t i n g  w i t h  t h e  N - T L M s .  E a c h  p h o t o n  a c t s  
i n d e p e n d e n t l y  o f  t h e  o t h e r s  a s  i f  t h e  a v e r a g e  e n e r g y  o f  t h e  
e n t i r e  s ys t e m ,  c ,  f o r  o n e  p h o t o n  i s  - r+ 1 .  
In  Appendix  B o ther  approx imat ions  to  the  Hami l ton ian  
(3 .4 )  for  𝜔𝜔 = 𝛺𝛺 w i l l  b e  d i s c uss e d .  T he  gene r a l  co n c l us i on s  a re  
t h a t  t h e  a pp r ox im a t i o n s  d i s c u s s e d  t h e r e  a r e  i n  p o o r  a g r e e m e n t  
w i t h  t h e  e x a c t  r e s u l t s .  
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CHAPTER VI: DISCUSSION OF NUMERICAL RESULTS 
T h i s  c h a p t e r  c o n t a i n s  a  d i s c u s s i o n  o f  t h e  n u m e r i c a l  
r e s u l t s  o b t a i n e d  f r o m  t h e  e x a c t  s o l u t i o n  a n d  a  c o m p a r i s o n  
w i t h  t h e  r e s u l t s  g i v e n  b y  t h e  a p p r o x i m a t i o n s  o f  t h e  p r e c e d i n g  
s e c t i o n .  
F i g u r e s  5  t h r o u g h  9  s h o w  𝐴𝐴𝑛𝑛
(𝑟𝑟,𝑐𝑐,𝑗𝑗) a s  a  f u n c t i o n  o f  n  f o r  
s e v e r a l  r e p r e s e n t a t i v e  v a l u e s  o f  r , c , j  f o r  t h e  s p e c i a l  c a s e  
o f  𝛽𝛽 =  0 .  T h e  v a l u e  j  =  0  c o r r e s p o n d s  t o  t h e  g r o u n d  s t a t e ,  
j  =  1  t o  t h e  f i r s t  e x c i t e d  s t a t e ,  a n d  j  =  2 r  t h e  m o s t  h i g h l y  
e x c i t e d  s t a t e .  T h e  v a l u e  q o  c o r r e s p o n d s  t o  t h e  g r o u n d  s t a t e  
a n d  i s  t h e  l a r g e s t  v a l u e  o f  q .  F r o m  t h e s e  f i g u r e s  i t  i s  s e e n  
t h a t  t h e  s t a t e s  r e s e m b l e ,  i n  f o r m ,  t h e  h a r m o n i c  o s c i l l a t o r  
s t a t e s ( 1 2 )  . T h i s  r e s e m b l a n c e  l e d  t o  t h e  d i f f e r e n t i a l  e q u a t i o n  
a p p r o x i m a t i o n  d i s c u s s e d  i n  C h a p t e r  V .  I n  t h e s e  f i g u r e s  t h e  
d i s p e r s i o n  c a l c u l a t e d  f r o m  t h e  e x a c t  r e s u l t s  i s  g i v e n .  I f  
t h e s e  v a l u e s  a r e  c o m p a r e d  t o  t h o s e  c a l c u l a t e d  f r o m  E q .  
( 5 . 2 4 )  a n d  g i v e n  i n  T a b l e  1 ,  i t  w i l l  b e  s e e n  t h a t  t h e  t w o  
r e s u l t s  a g r e e  v e r y  w e l l  f o r  a l l  c a s e s  c o n s i d e r e d .  F i g u r e  1 0  
i s  a  p l o t  s h o w i n g  a  c o m p a r i s o n  b e t w e e n  t h e  e x a c t  q ' s  a n d  
𝑞𝑞𝑗𝑗
′  𝑠𝑠 g i v e n  b y  E q .  ( 5 . 1 6 )  v s .  j  f o r  𝛽𝛽=  0 .  I t  i s  e a s i l y  s e e n  
t h a t  f o r  t h e  g r o u n d  a n d  f i r s t  f e w  e x c i t e d  s t a t e s  t h e  
r e s u l t s  a r e  i n  g o o d  a g r e e m e n t .  A s  j  b e c o m e s  l a r g e r  a n d  
a p p r o a c h e s  r ,  t h e  e x a c t  a n d  d i f f e r e n t i a l  s o l u t i o n  r e s u l t s  
d i s a g r e e  m a r k e d l y .  T h e  r e a s o n  f o r  t h i s  i s  d u e  t o  t h e  u s e  o f  
the harmonic oscillator boundary conditions (below Eq. (5. 14)) and 
the replacement of the second differe n c e  b y  t h e  s e c o n d  
d i f f e r e n t i a l ,  r a t h e r  t h a n  n e g l e c t  o f  t h e  c u b i c  t e r m  i n  E q .  
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( 5 . 1 2 ) .  A  s e c o n d  o r d e r  p e r t u r b a t i o n  c a l c u l a t i o n  o n  t h e  
c u b i c  t e r m  i n d i c a t e s  t h a t  i n c l us i o n  o f  t h i s  t e r m  w i l l  c o r r e c t  
t h e  e i ge n v a l u e s  i n  t h e  w ro n g  d i r e c t i o n  an d  b y a  n e g l i g ib l e  
a m ou n t  w h en  th i s  pe r tu r b a t i on  c a l culation is  val id . 3 
                                                 
3 See Appendix C 
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Figure 5: Selected Eigenvectors 𝑨𝑨𝒏𝒏
(𝒓𝒓,𝒄𝒄,𝒋𝒋) 
56 
 
Figure 6:  𝐴𝐴𝑛𝑛(25,2500,𝑗𝑗),j=0, 1, ∙∙∙,4 and �𝐴𝐴𝑛𝑛(25,2500,25)�2 
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Figure 7: 𝑨𝑨𝒏𝒏(𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐,𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐,𝒋𝒋),j=0,1,2,3,4 
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Figure 8: 𝐀𝐀𝐧𝐧
(𝟏𝟏𝟐𝟐.𝟐𝟐,𝟏𝟏𝟐𝟐𝟏𝟏.𝟐𝟐,𝐣𝐣),j=0,1,2,3 
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Figure 9: 𝐀𝐀𝐧𝐧
(𝟏𝟏𝟐𝟐𝟏𝟏.𝟐𝟐,−𝟏𝟏𝟐𝟐𝟐𝟐.𝟐𝟐,𝐣𝐣), j=0,1 2,3 
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Figure 10: Eigenvalues 
       60 
 In  F i g u r e  1 1  v a l u e s  o f  q  v e r s u s  c  f o r  r e p r e s e n t a t i v e  
v a l u e s  o f  j  a n d  f i x e d  r  a r e  g i v e n .  A g a i n  𝛽𝛽= 0  f o r  t h i s  f i g u r e .  I t  i s  s e e n  
f r o m  F i g u r e  1 1  t h a t  q  i s  p r o p o r t i o n a l  t o  c 1 / 2  f o r  c  >  r .  T h i s  a g r e e s  
w i t h  t h e  r e s u l t s  g i v e n  i n  T a b l e  1 .  A l s o  f r o m  F i g u r e s  1 0  a n d  1 1  i t  i s  
n o t e d  t h a t  e x c e p t  f o r  c  ≅ r ,  t h e  e i g e n v a l u e s  a r e  v e r y  c l o s e l y  l i n e a r  i n  
t h e  i n d e x  j ,  a n d  t h e  e i g e n v e c t o r s  r e s e m b l e  t h e  h a r m o n i c - o s c i l l a t o r  
e i g e n f u n c t i o n s  f o r  a l l  s t a t e s  ( F i gu r e  6 ,  e s p e c i a l l y  t h e  l o w e r  r i g h t - h a n d  
c o r n e r  w h i c h  g i v e s  t h e  s q u a r e d  e i g e n v e c t o r  f o r  j  =  2 5 ) .  S i n c e  t h e  
"d i f fe ren t i a l  equ a t ion  appro ach "  d id  no t  g ive  a  l i ne a r  e igenv a lue  
spec t rum t h e  l a s t  t w o  a p p r o a c h e s  o f  C h a p t e r  V  w e r e  c o n c e i v e d .  T h e  
" a v e r a g e  f i e l d  a p p r o a c h , "  w h i c h  i s  e s s e n t i a l l y  t r e a t i n g  t h e  p r o b l e m  
a s  i f  e a c h  T LM  w e r e  i n d e p e n d e n t ,  g i v e s  e x c e l l e n t  a g r e e m e n t  w i t h  t h e  
e x a c t  s o l u t i o n  f o r  c  >  r .  In  f a c t ,  w h e n  c  ≥5 r  a n d  a b o v e  t h e  r e s u l t s  a r e  
n e a r l y  i d e n t i c a l .  T h i s  a g r e e m e n t  i n c l u d e s  b o t h  e i g e n v e c t o r s  a n d  
e i g e n v a l u e s .  Fo r  c  < <  r  t h e  ex a c t  s o lu t io n  a ga i n  g iv e s  a  l i n e a r  e f f e c t i v e  
e i ge n va lu e  s p e c t r u m .  T h e  " m o d i f i e d  T L M  a p p r o a c h , "  d i s c u s s e d  
a b o v e ,  g i v e s  go od  a g r e e m en t  w i th  t he  ex a c t  r e s u l t s  f o r  c  =  - r +  𝜖𝜖 w h e re  
𝜖𝜖 < <  r .  As  𝜖𝜖 → 𝑟𝑟 o r  c  → 0  t he  r e s u l t s  f o r  t h i s  a p p r o a c h  d o  n o t  a g r e e  w i th  
t h e  e x a c t  s o l u t i o n  a s  w e l l  a s  f o r  𝜖𝜖 s m a l l .  T h e  r e a s o n  f o r  t h i s  c a n  b e  
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Figure 11: q vs c 
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u n d e r s t o o d  i n  a  h e u r i s t i c  m a n n e r .  F o r  c  <  0 ,  t h e  a p p r o x i m a t i o n  i s  
e q u i v a l e n t  t o  c o n s i d e r i n g  e a c h  p h o t o n  i n t e r a c t i n g  i n d e p e n d e n t l y  w i t h  
t h e  T L M  s y s t e m .  T h a t  i s ,  t h e  s y s t e m ,  a s  f a r  a s  e a c h  p h o t o n  s e e s  i t ,  
i s  j u s t  o n e  p h o t o n  a n d  N  T LM s  i n  t h e  d o w n  s t a t e  o r  n o  p h o t o n s  a n d  
ju s t  one  ex c i t ed  TLM,  i .  e .  ,  |1 > | r , - r>  and  |0> |r , - r+1>  .  Th i s  i s  t he  
r e a s o n  f o r  t h e  t e r m√2𝑟𝑟 a p p e a r i n g  i n  E q .  ( 5 . 5 0 ) .  B u t  a s  m o r e  a n d  
m o re  a c tu a l  ph o to ns  i n t e ra c t  wi t h  t h e  s ys t e m,  i t  w ou ld  be  u n r e as on a b l e  
t o  e x p e c t  t h a t  e a c h  p h o t o n  h a v e  N  T L M s  o r  e q u i v a l e n t l y  2 r  ( T L M s ) ' s  
w i t h  wh i c h  t o  i n t e r a c t .  Eq u a t i on  ( 5 . 5 0 )  c ou ld  t h en  be  h e u r i s t i c a l l y  
m od i f i ed  t o  t ak e  t h i s  i n t o  a c co un t  an d  a n  a p p rox im a t e  fo r m ul a  i s  g i ve n  
by 
𝜆𝜆 = 𝑐𝑐 − (𝑐𝑐 + 𝑟𝑟 − 2𝑗𝑗)√2𝑟𝑟 − 𝛼𝛼 |𝜅𝜅| (6.1) 
w h e r e  j  =  0 ,  1 , ∙∙∙, c + r  a n d  𝛼𝛼 i s  a  n u m b e r  r e p r e s e n t i n g  t h e  n u m b e r  o f  
T LM s  i n  t h e  ex c i t e d  s t a t e .  I f  t h e  c a s e  c  =  0  w e r e  c o n s i d e r e d ,  t h e n  
f o r  E q .  ( 6 . 1 )  t o  a g r e e  w i t h  t h e  r e s u l t s  i n  T a b l e  1  
𝑟𝑟√2𝑟𝑟 − 𝛼𝛼 =  2√2(3)1/4𝑟𝑟3/23  (6.2) 
 
T h i s  i m p l i e s  t h a t  𝛼𝛼= 0 . 4 5 r  ≅ r / 2  o r  t h a t  f o r  c  =  0  t h e r e  i s  a  
m a x i m u m  o f  r  f r ee  pho tons  i n  t he  s ys t em and  th a t  ap prox imate l y ha l f  
o f  t hem a r e  a b s o r be d  as  ex c i t a t i on s  on  th e  T LM s .  F i gu r es  12  an d  13  
a r e  e i gen v e c t o r s  c a l c u l a t e d  f r o m  E q .  ( 5 . 4 2 )  a n d / o r  E q .  ( 5 . 5 1 ) .  
F i g u r e  1 2  i s  t o  b e  c o m p a r e d  w i t h  F i g u r e s  6  a n d  7  a n d  F i g u r e  1 3  
w i t h  F i g u r e s  8  a n d  9 .  A s  i s  s e e n ,  t h e  f i g u r e s  h a v e  a l m o s t  e x a c t l y  
t h e  s a m e  f o r m ,  i t  i s  n o t e d  h o w e v e r ,  t h a t  t h e  d i s c r e p a n c y  b e t w e e n  
t h e  e x a c t  r e s u l t s ,  d i s p l a ye d  i n  F i g u r e s  8  and  9 where  c  =  10 r  or  
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10 ( r+c)  =  r ,  and  the  r esu l t s  in  F igu re  13  i s  
 
Figure 12: Approximate 𝑨𝑨𝒏𝒏 for r or 
(𝒓𝒓+𝒄𝒄)
𝟐𝟐
 =25 
  
 64 
 
 
Figure 13: Approximate 𝑨𝑨𝒏𝒏 for r or 
(𝒓𝒓+𝒄𝒄)
𝟐𝟐
 =12.5 
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l a r ge r  t h an  th e  d i sc r e p an c y b e t w e e n  F i gu r e  12  an d  F i gur e s  6  a nd  7 ,  
w h e r e  c  =  1 0 0 r  o r  1 0 0 ( r + c )  = r .  T h e  e i g e n v a l u e s  c a l c u l a t e d  f r o m  
E q .  ( 5 . 4 4 )  a n d  E q .  ( 5 . 5 0 )  a g r e e  w i t h  t h e  e x a c t  r e s u l t s  t o  a t  l e a s t  
t h r e e  s i g n i f i c a n t  f i g u r e s  f o r  t h e  c a s e s  c o n s i d e r e d .  T h a t  i s ,  t h e  
" a v e r a g e  f i e l d  a p p r o a c h "  i s  v e r y  g o o d  f o r  c≥5 r  a n d  t h e  " m o d i f i e d  
TLM approach" for  c  =  - r+𝜖𝜖 where  5𝜖𝜖 <  r .  
F o r  c o m p a r i s o n  p u r p o s e s  F i g u r e s  1 4  a n d  1 5  a r e  g i v e n .  
F i g u re  14  shows  e i genv ec to r s  ca l cu l a t ed  us in g  th e  "ave ra ge  T LM  
appro ach "  g i v e n  i n  A p p e n d i x  B  f o r  c  <  r ,  a n d  F i g u r e  1 5  s h o w s  
e i ge n v e c t o r s  f r o m  t h e  " a v e r a g e  f i e l d  a p p r o a c h "  f o r  c  <  0 .  T h e s e  
f i g u r e s  d i s a g r e e  so  m a r k e d l y  f r o m  t h e  e x a c t  r e s u l t s ,  F i g u r e s  8  a n d  9,  
t h a t  i t  i n d i c a t e s  t h a t  t h i s  a p p r o x i m at i o n  o f  a v e r a g i n g  o v e r  t h e  T LM  
p a r t  o f  t h e  i n t e r a c t i on  t e rm s  o f  t h e  Ha mi l t on i a n  i s  c om pl e t e l y i n v a l i d ,  
a n d  th a t  f o r  c  <  r  t h e  " a v e r a g e  f i e l d  a p p r o a c h "  i s  a l s o  i n v a l i d .  
N u m e r i c a l  r e s u l t s  f o r  t h e  "a v e r a g e  T LM  a p p r o a c h "  f o r  c  >  r  a r e  e v e n  
w o r s e .  
 Figures 16 and 17 contain values  of  𝐴𝐴𝑛𝑛
(𝑟𝑟,𝑐𝑐,𝑗𝑗) versus  n and 𝑞𝑞𝑗𝑗 ve r sus  j  
fo r  𝛽𝛽 ≠ 0 ca l cu l a t ed  f ro m the  ex ac t  so lu t io n  fo r  s ever a l  va lu e s  o f  𝛽𝛽.  A s  𝛽𝛽 
b e c o m e s  l a r g e ,  t h e  N - T LM  s ys t e m  a n d  t h e  q u a n t i z e d  r a d i a t i o n  f i e l d  
s l o w l y  d e c o u p l e .  T h i s  i s  s e e n  b y  c o m p a r i n g  F i g u r e  1 6 ,  fo r  l a r ge  𝛽𝛽,  
w i th  F i gu res  5  t h ro ugh  9 .  In  F i gu r e  1 6  on l y on e  t e rm o f  e a c h  v e c t o r  i s  
l a r g e  w h i l e  t h e  o t h e r s  a r e  v e r y  s m a l l  ( i n  t h e  c a s e  o f  l a r ge  𝛽𝛽) ,  w h i l e  i n  
F i gu r e s  5  t h r ou gh  9 a l l  com po n en t s  o f  t h e  ve c to r  are  re levant .  By 
rewri t ing Eq.  (3 .4) ,  the  Hami l tonian may be  given  by 
𝐻𝐻 = 𝜔𝜔𝑐𝑐 + (𝛺𝛺 − 𝜔𝜔)𝑅𝑅3 − 𝛾𝛾𝑎𝑎𝑅𝑅+ − 𝛾𝛾∗𝑎𝑎†𝑅𝑅− . (6.3) 
Approximations identical  to those applied in Chapter  V for c > r and 
c<0 where 𝛽𝛽=0 may be applied to Eq. (6.3).  In the case c > r,  Eq. (6.3) 
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Figure 14: Eigenvectors Average TLM Approach 
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Figure 15: Eigenvectors Average Field Approach 
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Figure 16: 𝑨𝑨𝒏𝒏
(𝟏𝟏𝟐𝟐.𝟐𝟐,𝟏𝟏𝟐𝟐𝟏𝟏.𝟐𝟐,𝒋𝒋), j=0, 1 and β≠0 
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Figure 17: q vs. j for β≠0 
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becomes, within this  approximation,  
𝐻𝐻 = 𝜔𝜔𝑐𝑐 + �(𝛺𝛺 − 𝜔𝜔)𝑅𝑅3𝑗𝑗 − 𝛾𝛾�𝑛𝑛𝑜𝑜ℒ𝑅𝑅+𝑗𝑗 − 𝛾𝛾∗�𝑛𝑛𝑜𝑜ℒ†𝑅𝑅𝑗𝑗− .𝑁𝑁
𝑗𝑗=1
 
(6.4) 
The eigenvalues and eigenvectors are given by a treatment identical to that  
used in the "classical  field approach" in Appendix B, i .  e. ,  
𝜆𝜆𝑗𝑗 = 𝑐𝑐 − |(𝛺𝛺 − 𝜔𝜔)|(𝑟𝑟 − 𝑗𝑗)�1 + 4 � 𝛾𝛾𝛺𝛺 − 𝜔𝜔�2 𝑛𝑛𝑜𝑜 (6.5) 
 
and the states |𝑟𝑟, 𝑐𝑐,𝛽𝛽,j��������� >𝑓𝑓 are similar to those given by Eq. (B.22). The 
difference is  that tan 2𝜃𝜃 = 2 � 𝛾𝛾
𝛺𝛺−𝜋𝜋
��𝑛𝑛𝑜𝑜 and that  the states |𝑟𝑟, 𝑐𝑐,𝛽𝛽,j��������� >𝑓𝑓 are 
expanded in terms of the states |r, m> |c-m>. If the relat ive tun ing parameter  
becomes very large,  meaning here that  |𝛽𝛽| = �𝛺𝛺 − 𝜔𝜔
𝛾𝛾
� ≫ �4𝑛𝑛𝑜𝑜 (6.6) 
then 𝜃𝜃 → 0 and only the term with 𝐿𝐿′ = j-2r will contribute significantly to the 
state |𝑟𝑟, 𝑐𝑐,𝛽𝛽,j��������� >𝑓𝑓,  and 
|𝑟𝑟, 𝑐𝑐,𝛽𝛽,j��������� >𝑓𝑓= |𝑟𝑟, (𝑟𝑟 − 𝑗𝑗) 𝛽𝛽|𝛽𝛽| > |𝑐𝑐 − 𝛽𝛽(𝑟𝑟 − 𝑗𝑗)|𝛽𝛽| >, (6 .7 )  
i.e. ,  the problem is uncoupled.  A similar  result  i s  obtained for  c<0 where  
𝜆𝜆𝑗𝑗 = 𝜔𝜔𝑐𝑐 − �𝑟𝑟 − 𝑐𝑐2 � (𝛺𝛺 − 𝜔𝜔) − |(𝛺𝛺 − 𝜔𝜔)| �𝑐𝑐 + 𝑟𝑟2 − 𝑗𝑗��1 + 8 � 𝛾𝛾𝛺𝛺 − 𝜔𝜔�2 𝑟𝑟 (6 .8 )  
and  where  j  =  0 ,  1 ∙∙∙, c+r .  E igens t a t es  ma y a l so  be  wr i t t en  fo r  th i s  case  b y 
rep l ac ing  r  b y 𝑟𝑟+𝑐𝑐
2
 in  the expression (B.  22)  and by replacing the states |r ,m> 
by the states |L> |r ,c-L> .  Also, tan 2𝜃𝜃 = 2 � 𝛾𝛾
𝛺𝛺−𝜋𝜋
�√2𝑟𝑟.  Uncoupling occurs in this 
case when 
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|𝛽𝛽| ≫ √8𝑟𝑟. (6.9) 
 
In  general ,  i f  |𝛽𝛽| is  large,  a  second order perturbation technique is  applicable 
to find the energy shifts. As |𝛽𝛽| becomes very large, these per tu rbat ive  r esu l t s  
a re  more  accura t e  than  those  ca l cu l a ted  f rom Eqs. (6.5) and (6.8). The 
reason that Eqs. (6.5) and (6.8) do not give such accurate results  is  the neglect 
of spontaneous emission for c > r and  the neglect  of  t e rms as  explained 
above Eq.  (6 .1)  for  c<< r .  Eqs .  (6.6) and (6.9), along with the numerical 
results, indicate that the N TLMs have an ef fect ive "half -wid th" of  
interact ion  of  approximately 4√2𝑟𝑟|𝛾𝛾| 𝜕𝜕𝑜𝑜 4√𝑐𝑐|𝛾𝛾|, respectively for  c  < 0 to  c > r .  
The TLMs are essential ly completely uncoupled from the radiation field for  
detuning much larger than the effective "half-widths," except that  the 
doubl ing terms neglected in  Eq.  (3 .1)  may play an important  role in  this 
regime. As 𝛽𝛽 → 0 the energies (6.5) and (6.8) go over to the energies (5.36) and 
(5.  50).  
Note that for all  figures showing An, the phase factor 𝑒𝑒 has been set  to 
zero.  
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CHAPTER VII: CONCLUSION 
W e  h a ve  t ak en  a n  i d ea l i z ed  p ro b l em o f  N  T w o- Le v e l  M ol e cu l es  
i n t e r a c t i n g  w i t h  a  s i n g l e  m o d e ,  q u a n t i z e d  r a d i a t i o n  f i e l d  a n d  s o l v e d  i t  
ex ac t l y .  B y ma k in g  appr ox imat ions  t o  t h i s  p rob l em w e  h ave  a l so  ob t a ined  
a n a l y t i c a l  s o l u t i o n s  a n d  c o m p a r e d  t h e s e  t o  t h e  e x a c t  r e s u l t s .  T h r e e  o f  
t h e s e  a p p r o x i m a t i o n s  a g r e e  q u i t e  w e l l  w i t h  t h e  e x a c t  r e s u l t s  u n d e r  
c e r t a i n  c o n d i t i o n s .  In  o n e  a p p r o x i m a t i o n ,  t h e  "d i f f e r e n t i a l  e q u a t i o n  
a p p r o a c h , "  a  d i f f e r e n c e  e q u a t i o n  f o r  t h e  e i g e n v e c t o r s  o f  t h e  e x a c t  
s o l u t i o n  i s  r e p l a c e d  b y  a  d i f f e r e n t i a l  e q u a t i o n .  A s  a  r e s u l t  o f  t h i s  
a p p r o a c h ,  t h e  a p p r o x i m a t e  s o l u t i o n s  f o r  t h e  e i g e n v e c t o r s  a r e  s i m i l a r  to  
the  e igens ta tes  of  the  harmonic osc i l l ator  when 𝛽𝛽 = 0.  This  approx imat ion  
was  found  to  be  go od  fo r  t he  gr ound  s t a t e  and  f i r s t  f e w e x c i t ed  s t a t e s  o v e r  
a l l  e n e r g y  r a n g e s  c o n s i d e r e d .  A  s e c o n d  a p p r o x i m a t i o n ,  a  " m o d i f i e d  
T L M  a p p r o a c h , "  i s  h e u r i s t i c a l l y  e q u i v a l e n t  t o  t r e a t i n g  t h e  p r o b l e m  a s  
i f  t h e  T L M s  f o r m  a  m a c r o s c o p i c  m o l e c u l e  w h i c h  in t e rac t s  wi th  each  
photon  independen t l y,  i . e .  ,  t he  photons  a re  i ndependent  of  one  another .  It  
i s  found tha t  th i s  approx imat ion  gives  good a g reem en t  fo r  a l l  e i genv ec to r s  
and  e i gen va lues ,  b u t  t ha t  t he  r e g ion  o f  v a l i d i t y  f o r  t h i s  a p p r o x i m a t i o n  i s  
t h a t  w h e r e  t h e  e n e r g y ,  c ,  a v a i l a b l e  t o  t h e  s y s t e m  m u s t  b e  n e g a t i v e  ( c  <  
0 ) .  I n  a  l a s e r  p r o b l e m ,  t h i s  i s  t h e  r e g i o n  o f  p o s i t i v e  t e m p e r a t u r e  ( n o  
i n v e r s i o n  o f  m o l e c u l a r  e n e r g y  l e v e l s ) .  T h e  l a s t  o f  t h e s e  a p p r o x i m a t i o n s ,  
t h e  "a v e r a ge  f i e l d  a p p r o a c h , "  c o n s i d e r s  t h e  i n t e r a c t i n g  m o l e c u l e s  a s  
i n d e p e n d e n t  o f  o n e  a n o t h e r ,  i n  s o  f a r  a s  t h e y  " s e e "  e a c h  o t h e r  o n l y  
t h r o u gh  a n  a v e r a g e d  e l e c t r i c  f i e l d .  Spon taneous  emis s ion  e f f ec t s  a r e  
i gno red  comple t e l y  i n  t h i s  approx im at io n .  T h i s  l a s t  ap p r ox im a t io n  g i ve s  
go o d  a g r e em en t  f o r  a l l  t he  e igenvalues  and  e igenvec to rs  bu t  i s  on l y va l id  
i n  t he  h igh  energy  reg ime ,  i .e .  ,  c  ≥ 5 r .  T h i s  m e a n s  t h a t  t h e  n u m b e r  o f  
p h o t o n s  a v a i l a b l e  t o  t h e  s y s t e m  i s  m u c h  l a r g e r  t h a n  r .  H o w e v e r ,  t h e  
p h o t o n  n u m b e r  n e e d  n o t  be  larger  than  the  number  of  molecules ;  N,  s ince 
r  may in  fac t  be  much less  than N (see  Appendix  D). 
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These approximat ions appl ied to  our  ideal ized problem are especia l l y  
in teres t ing because  of  the  bear ing they have  on  some of  the  curren t  
approximat ions being used  in  the  theore t ica l  s tudy of  l aser  phenomena .  For  
example ,  a  r ecent  anal ys i s  o f  a  quan tum coherent  d e v i c e  b y  S c u l l y  a n d  
La m b ( 5 )  d e s c r i b e s  t h e  s ys t e m  o f  N  r a d i a t i n g  molecules  by a  f ac to red  
p roduct  o f  2x2  mat r i ces  i n s t ead  o f  the  co r rec t  m a t r i x  o f  d i m e n s i o n  2 N.  
T h i s  i s  e q u i v a l e n t  t o  t h e  " a v e r a g e  f i e l d "  approach  d i scussed  above .  In  
add i t ion  to  exp la in ing  the  s t ead y s t a t e  opera t i on  o f  a  l ase r ,  t hey a l so  c l a im  
the i r  me thod  can  be  used  to  explain the build-up of  coherent  radiation.  In  the 
build-up of  coherent  r ad i a t i on ,  the  s ys t em s t a r t s  f rom a  s t a t e  o f  m  pos i t i ve  
( i nvers ion )  and  n o  p h o t o n s ,  a n d  w h i l e  p u m p i n g ,  b u i l d s  t o  a  s t a t e  w h e r e  
m  m a y  s t i l l  b e  p o s i t i v e  b u t  w h e r e  t h e  n u m b e r  o f  c o h e r e n t  p h o t o n s  i s  
v e r y  l a r g e ;  t h a t  i s ,  t h e  s y s t e m  s t a r t s  i n  a  r e g i m e  w h e r e  0  <  c  <  r .  
T h e r e f o r e ,  acco rd ing  to  t he  va l id i t y  r an ges  g iv en  abo ve ,  i t  i s  un l ike l y  
t ha t  e i t he r  the  "average  f ie ld"  or  the  "modi f ied  TLM" approach  i s  
appropr ia te  for  t h i s  a n a l ys i s .  O n  t h e  o t h e r  h a n d ,  i t  i s  p o s s i b l e  t h a t  t h e  
" d i f f e r e n t i a l  equat ion" approach  can  be  used .  I t  i s  a l so  of  in te res t  to  not e  
tha t  t he  c o n d i t i o ns  o f  s t e ad y s t a t e  ma y e x c l u de  an  i nd ep e nd e n t  mo l ec u l e  
a p p r o x i m a t i o n .  C o n s i d e r  t w o  t y p i c a l  s y s t e m s ,  a  g a s  l a s e r  a n d  a  
m a s e r ,  e a c h  o p e r a t i n g  a t  a p p r o x i m a t e l y  1 0 3  w a t t s .  A s s u m e  t h a t  f o r  each 
system the typical  dwel l  t ime (T) of a  photon within the cavi ty is  10-7 
s e c o n d s .  T h i s  i s  n o t  p h y s i c a l l y  u n r e a s o n a b l e  f o r  e i t h e r  s y s t e m .  F o r  
e x a m p l e ,  a  g a s  l a s e r  w i t h  l e n g t h  o f  o n e  m e t e r  a n d  t r a n s m i t t a n c e  o f  t w o  
p e r c e n t  h a s  a  d w e l l  t i m e  o f  1 . 7  x  1 0 - 7  s e c o n d s ;  a  m a s e r  w i t h  a  Q o f  1 0 0 0  
f o r  a  f r e q u e n c y  o f  1 0 1 0  c p s  h a s  a  d w e l l  t i m e  o f  1 0 - 7  s e c o n d s .  In  e a c h  o f  
t h e s e  c a s e s ,  t h e  n u m b e r  o f  p h o t o n s ,  n ,  i n  t h e  c a v i t y  i s  g i v e n  r o u gh l y  b y  
𝑛𝑛ћ𝜔𝜔 = 𝜏𝜏 ( e n e r g y  o u t p u t  o f  t h e  s ys t e m ) .  T h e r e f o r e ,  f o r  t h e  l a s e r  o p e r a t i n g  
a t  5  x  1 0 1 4  c p s ,  a  t yp i c a l  v a l u e  o f  n  w o u l d  be  5  x  1 0 8  pho tons  i n  one  
mode ,  wh i l e  fo r  a  maser  o per a t i n g  a t  10 1 0 cps ,  a  t yp i c a l  v a l u e  o f  n  w o u l d  
b e  1 . 4  x  1 0 1 3 .  T yp i c a l  g a s  l a s e r s  a n d  m a s e r s  con ta in  10 1 4  t o  10 15  
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mo lecu les .  In  a  gas  l a se r ,𝑟𝑟 ≅ �𝑁𝑁
2
 * 4 s i nce  t he  i n v e r s i o n ,  m ,  f o r  t h i s  c a s e  i s  
n e a r l y  z e r o ,  w h i l e  f o r  a n  a m m o n i a  b e a m  m a s e r  ≅ 𝑁𝑁
2
 .  T h i s  m e a n s  t h a t  f o r  
t h e  g a s  l a s e r ,  t h e  i n d e p e n d e n t  m o l e c u l e  p i c t u r e  m a y  i n d e e d  b e  v a l i d  
f o r  s t e a d y  s t a t e  c o n d i t i o n s ,  𝑛𝑛 > 𝑟𝑟 ⇒ 𝑐𝑐 > 𝑟𝑟,  w h i l e  f o r  t h e  m a s e r ,  n≤ r ,  s o  
t h a t  i n  t h i s  c a s e  a n d  i n d e p e n d e n t  m o l e c u l e  p i c t u r e  i s  p r o b a b l y  i n c o r r e c t .  
The  o the r  th ree  approx imat ions  cons ide red  in  t h i s  d i s ser t a t i on ,  t h e  
" a v e r a g e  T LM  a p p r o a c h , "  t h e  " c l a s s i c a l  f i e l d  a p p r o a c h , "  a n d  t h e  
" c l a s s i c a l  T L M  a p p r o a c h , "  d i d  n o t  a g r e e  w e l l  w i t h  t h e  e x a c t  s o l u t i o n  o f  
t he  p rob lem.  The  va l id i t y o f  t hese  approx imat ions ,  when app l i ed  t o  m o r e  
g e n e r a l  p r o b l e m s ,  i s  n o t  u n d e r s t o o d  w e l l .  H o w e v e r ,  i t  i s  f e l t  t ha t  i t  
wou ld  be  i nco r re c t  t o  i gnore  t he  coo pera t iv e  e f fe c t s  o f  t he  T LM s  a s  i s  
d o n e  i n  t h e  " c l a s s i c a l  T LM  a p p r o a c h , "  w h i c h  a v e r a g e d  o u t  t h e  m o l e c u l e s  
c o m p l e t e l y .  I t  i s  n o t e d  t h a t  i n  a n  a c t u a l  p r o b l e m  r ,  t h e  c o o p e r a t i o n  
n u m b e r ,  a n d  c ,  t h e  a v e r a g e  e n e r g y  o f  t h e  s ys t e m  ( w h e n  𝛽𝛽= 0), wi l l  
probably not  remain  good quantum numbers  and their  v a r i a t i o ns  m a y b e  o n e  
o f  t he  i mp or t an t  a sp e c t s  o f  t h e  p ro b l em .  
                                                 
4 See Appendix D 
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APPENDIX A 
NUMERICAL TECHNIQUE FOR THE EXACT SOLUTION 5 
Equa t ions  (3 .11 ) ,  ( 4 .2 ) ,  (4 .4 ) ,  (4 .5 ) ,  a nd  (4 .6 )  w ere  us ed  to  f ind  
a  numer i ca l  so lu t ion  fo r  the  e igenvalues  and  e igenvectors  o f  the  
H a m i l t o n i a n .  T h e  c h a r a c t e r i s t i c  e q u a t i o n  
 
𝐵𝐵𝑟𝑟+𝑐𝑐+1 = 0 =  �(−1)𝑙𝑙𝒮𝒮𝑙𝑙(𝑡𝑡−1)𝑡𝑡/2
𝑙𝑙=0
 (A.1) 
w a s  g e n e r a t e d  o n  t h e  c o m p u t e r  t h r o u g h  u s e  o f  t h e  r e c u r s i o n  r e l a t i o n s  
( 4 . 5 ) .  T h e  s t e p s  i n  t h i s  d e v e l o p m e n t  a r e  a s  f o l l o w s :  T h e  p o l yn o m i a l  
𝒮𝒮𝑜𝑜
𝑛𝑛 i s  formed from. 𝒮𝒮𝑜𝑜𝑛𝑛−1 by mult ipl icat ion by the factor  (q+𝛽𝛽n).  The e n t i r e  
p o l yn o m i a l  s e t  {𝒮𝒮𝑜𝑜𝑛𝑛} − 1 ≤ 𝑛𝑛 ≤ 𝜕𝜕 − 1 i s  f o r m e d  i n  t h i s  m a n n e r  a s  s e e n  b y  
t h e  e x a m p l e s  ( 4 . 4 b ) .  T h e  s e t  {𝒮𝒮1𝑛𝑛} 1 ≤ 𝑛𝑛 ≤ 𝜕𝜕 − 1 i s  t h e n  d e t e r m i n e d  f r o m  
𝒮𝒮𝑜𝑜
𝑛𝑛 u s i n g  E q .  ( 4 . 5 ) ,  t h e  s e t  {𝒮𝒮𝑜𝑜𝑛𝑛} b e i n g  r e p l a c e d  i n  c o r e  b y {𝒮𝒮1𝑛𝑛} e x c ep t  
for 𝒮𝒮𝑜𝑜𝑡𝑡−1 .  This process continues until all of the {𝒮𝒮ℓ𝑡𝑡−1} a r e  d e t e r m i n e d  a t  
w h i c h  t i m e  E q .  ( A .1 )  i s  ge n e r a t e d  b y  a d d i t i o n .  
A  s i m p l e  N e w t o n -R a t h s o n  i t e r a t i v e  t e c h n i q u e  i s  u s e d  to  o b t a i n  
t h e  r e l a t i v e  e i g e n v a l u e s  " q " .  T h e  o r d e r  o f  t h e  p o l y n o m i a l  i s  
r e d u c e d  as  each  roo t  i s  found  and  the  r educed  equat ion  i s  u sed  to  f i nd  
the  nex t  root ,  a l though  fo r  accu rac y,  t he  i n i t i a l  po l ynomia l  i s  used  for  
t he  f ina l  i t e r a t i on s  i n  f i nd in g  e a c h  r oo t .  S i n c e  t h e  co e f f i c i e n t s  o f  t he  
c h a r a c t e r i s t i c  e q u a t i o n  o f t e n  r e a c h  a  m a g n i t u d e  o f  1 0 3 0  o r  g r e a t e r ,  
t h e  𝒞𝒞m ( d e f i n e d  a f t e r  E q .  ( 4 . 4 a ) )  a r e  s c a l e d  d o w n  a n d  t h e  f i n a l  r o o t s  
m u l t i p l i ed  b y t h e  sq u a r e  ro o t  o f  t h i s  s c a l i n g  f ac to r .  
I t  i s  convenient  t o  de f ine  𝐷𝐷𝑛𝑛′𝑠𝑠 so  tha t  
 𝐴𝐴𝑛𝑛 =  �𝑒𝑒−𝑖𝑖𝜑𝜑�𝑛𝑛𝐷𝐷𝑛𝑛 . (A.2) 
                                                 
5  Note added in revision: This section is of historical interest only. All results have been recalculated using 
Mathematica version 7 or 8. The formulation is straightforward and available upon request. 
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Eq .  (3 .11 )  may then  be  rewri t t en  i n  t he  fo rm 
 
𝐷𝐷𝑛𝑛+1 =  �(𝑞𝑞 + 𝑛𝑛𝛽𝛽)𝐷𝐷𝑛𝑛 − √𝑛𝑛𝐶𝐶𝑟𝑟,𝑐𝑐−𝑛𝑛𝐷𝐷𝑛𝑛−1�
√𝑛𝑛 + 1𝐶𝐶𝑟𝑟,𝑐𝑐−𝑛𝑛−1  (A.3) 
For  each  e igenva lue  q j  t he  d i f fe ren t  non-normal iz ed  e igenvec to rs  a re  
genera t ed  b y us ing  Eq .  (A.3 ) .  Normal i z a t i on  i s  p rovided  in  t he  usual  wa y.  
The  phas ing  i s  g iven  b y Eq .  (A.2 )  and  a rb i t r a r i l y mul t i p lying  the  en t i re  
vec to r  b y �𝑒𝑒−𝑖𝑖𝜑𝜑�𝑗𝑗.  
T h e r e  h a s  b e e n  s o m e  p r o b l e m  w i t h  r o u n d - o f f  e r r o r  i n  t h e  
c a l c u l a t i o n  o f  t h e  e i g e n v e c t o r s  a n d  e i g e n v a l u e s  f o r  l a r g e r  v a l u e s  o f  r  
a n d  c .  T h i s  p r o b l e m  h a s  n o t  b e e n  e n t i r e l y  e l i m i n a t e d ,  a l t h o u g h  a  
g r e a t  d e a l  o f  im pro v em e n t  h as  b e en  p os s i b l e  b y  u s in g  d o u b l e  p r e c i s i on  
v a r i a b l e s  i n  t h e  c a l c u l a t i o n s  o f  b o t h  e i g e n v a l u e s  a n d  e i g e n v e c t o r s ,  
a n d  i n  t he  cas e  o f  t he  e i genv ec to r s  b y  gen er a t i n g  the  ve c to r  on l y h a l f -
wa y wi th  Eq .  (A .3 )  and  genera t ing  the  o the r  ha l f  b y 
 
 
𝐷𝐷𝑛𝑛−1 =  �(𝑞𝑞 + 𝑛𝑛𝛽𝛽)𝐷𝐷𝑛𝑛 − √𝑛𝑛 − 1𝐶𝐶𝑟𝑟,𝑐𝑐−𝑛𝑛−1𝐷𝐷𝑛𝑛+1�
√𝑛𝑛𝐶𝐶𝑟𝑟,𝑐𝑐−𝑛𝑛  (A.4) 
and  matching  one  of  t he  t e rms  in  t he  middle .  
V a l u e s  f o r  < m >  a n d  < n 2 >  -  < n > 2  a r e  a l s o  c a l c u l a t e d .  A  sample 
of one version of the computer  program used is  included in  this  a p p e n d i x  
f o r  e a s y  r e f e r e n c e .  N o t e  t h a t  f o r  l a r g e  r  a n d  c ,  a c c u r a t e  e s t ima tes  
fo r  t he  q ' s  mus t  b e  g iven  b e fo re  t h e  roo t  f i nd er  wi l l  conve r ge  t o  a 
solution. 
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APPENDIX B 
FURTHER APPROXIMATION TO THE EXACT PROBLEM 
T h e r e  a re  t h r e e  f u r t he r  a pp r ox im at i on s  t o  t h e  H ami l ton i an  ( 3 . 4 )  
f o r  𝜔𝜔=𝛺𝛺 .  T h e s e  c o n s i s t  o f  a v e r a g i n g  o u t  t h e  m a g n i t u d e  o f  t h e  T LM  p a r t  
o f  t h e  i n t e r a c t io n  t e r ms ,  c ons id e r i n g  th e  T LM  p a r t  o f  t he  H a mi l t o n i a n  a s  
b e i n g  c l a s s i c a l ,  a n d  f i n a l l y  a s  c o n s i d e r i n g  t h e  f i e l d  p a r t  o f  t h e  
H a m i l t o n i a n  a s  b e i n g  c l a s s i c a l .  
A. Average TLM Approach  
A s  i n  t h e  m o d i f i e d  T LM  a p p r o a c h ,  E q .  ( 3 . 4 )  i s  w r i t t e n  a s  
 
 
𝐻𝐻 =  𝑅𝑅3 +  𝑎𝑎†𝑎𝑎 −  𝜅𝜅�𝑅𝑅2 − 𝑅𝑅32 + 𝑅𝑅3𝛤𝛤+𝑎𝑎 −  𝜅𝜅∗𝛤𝛤−�𝑅𝑅2 − 𝑅𝑅32 + 𝑅𝑅3𝑎𝑎† . (B.1) 
 
Replace�𝑅𝑅2 − 𝑅𝑅32 + 𝑅𝑅3 b y  i t s  a v e r a g e  〈�𝑅𝑅2 − 𝑅𝑅32 + 𝑅𝑅3〉 i n s t e a d  o f  r e p l a c i n g  i t  
b y  a  m o d i f i e d  o p e r a t o r .  T h e n  
 
 𝐻𝐻𝑚𝑚 =  𝑅𝑅3 +  𝑎𝑎†𝑎𝑎 −  ?̅?𝜅𝛤𝛤+𝑎𝑎 − ?̅?𝜅∗𝛤𝛤−𝑎𝑎† , (B.2a) 
 where  
 
?̅?𝜅 =  𝜅𝜅 〈�𝑅𝑅2 − 𝑅𝑅32 + 𝑅𝑅3〉 . (B.2b) 
 
A ga i n ,  r  a n d  c  a re  go o d  q u an t um  nu mb e rs .  S o l u t i on s  t o  Eq. (B.2) m a y 
a g a i n  b e  f o u n d  i n  a  m a n n e r  s i m i l a r  t o  t h a t  u s e d  i n  f i n d i n g  t h e  e x a c t  
so lu t ion ,  t ha t  i s ,  by fo rmin g  a  d i f fe r enc e  equa t ion  and  so lv ing  us in g  the  
ex a c t  s a me  b ou nd a ry  c o n d i t i on s .  T h e  d i f f e re n c e  e qu a t io n  i s  o f  t h e  f o r m 
 𝑒𝑒−𝑖𝑖𝜑𝜑√𝑛𝑛𝑇𝑇𝑛𝑛−1 −  𝑞𝑞𝑚𝑚𝑇𝑇𝑛𝑛 + 𝑒𝑒𝑖𝑖𝜑𝜑√𝑛𝑛 + 1𝑇𝑇𝑛𝑛+1 = 0 , (B.3) 
 where  
 
𝑞𝑞𝑚𝑚 =  𝑐𝑐 − 𝜆𝜆𝑚𝑚|?̅?𝜅|  . (B.4) 
 If  𝑍𝑍𝑛𝑛 is defined as  
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𝑇𝑇𝑛𝑛 = 𝑍𝑍𝑛𝑛�𝑒𝑒−𝑖𝑖𝜑𝜑�𝑛𝑛
√𝑛𝑛! , (B.5) 
  
Eq.(B.3) becomes  
 𝑛𝑛𝑍𝑍𝑛𝑛−1 −  𝑞𝑞𝑚𝑚𝑍𝑍𝑛𝑛 + 𝑍𝑍𝑛𝑛+1 = 0. (B.6) 
  
The boundary condit ions are 
 
 
 𝑍𝑍𝑚𝑚𝑚𝑚𝑚𝑚(−1,𝑐𝑐−𝑟𝑟−1) =  𝑍𝑍𝑟𝑟+𝑐𝑐+1 = 0. (B.7) 
 
The effective eigenvalues are again obtained from the characteristic equations 
for 
 𝑍𝑍𝑟𝑟+𝑐𝑐+1 = 0, (B.8) 
 
and the eigenvectors obtained from these eigenvalues as explained in  
Appendix  A.  The values  of qa may be compared with those of  the exact  
so lu t ion  by f ind ing 〈�𝑅𝑅2 − 𝑅𝑅32 + 𝑅𝑅3〉with  the  ca lcu la ted  e igenvectors ,  
Tn,  and comparing the exact q's with qa 〈�𝑅𝑅2 − 𝑅𝑅32 + 𝑅𝑅3〉 .  It  i s  found that  there 
does not exist  very good agreement between the eigenvalues and especial l y 
between the eigenvectors  for  any part icular  range of  c  ( in  relat ion to  r) .  Of 
interest  i s  the fact  that  on redefining Zn as  
 
𝑇𝑇𝑛𝑛 = 𝑍𝑍𝑛𝑛�𝑒𝑒−𝑖𝑖𝜑𝜑�𝑛𝑛2𝑛𝑛/2√𝑛𝑛!  (𝑠𝑠𝑒𝑒𝑒𝑒 𝐸𝐸𝑞𝑞.𝐵𝐵. 5), (B.8) 
 Eq. (B.3) becomes 
  
 𝑍𝑍𝑛𝑛+1 + 2𝑞𝑞𝑚𝑚′ 𝑍𝑍𝑛𝑛 + 2𝑛𝑛𝑍𝑍𝑛𝑛−1 = 0 (𝑠𝑠𝑒𝑒𝑒𝑒 𝐸𝐸𝑞𝑞.𝐵𝐵. 6). (B.9) 
 where  
 𝑞𝑞𝑚𝑚′ = 𝑞𝑞𝑚𝑚2  . (B.10) 
 
E q .  ( B . 9 )  i s  t h e  r e cu r s i on  r e l a t i o n  fo r  t h e  He r mi t e  po l yn o m ia l  o f  o rd e r  n .  
T h e r e f o r e  fo r  c < r  a  s o l u t io n  t o  Eq .  ( B .3 )  wo u l d  g i v e  fo r  t h e  un -
n o rm al i z e d  e i gen v ec t o r s  
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𝑇𝑇𝑛𝑛 = �𝑒𝑒−𝑖𝑖𝜑𝜑/√2�𝑛𝑛
√𝑛𝑛! 𝐻𝐻𝑛𝑛(𝑞𝑞𝑚𝑚′ ), (B.11) 
where  t he  e f fec t ive  e igenva lues  𝑞𝑞𝑚𝑚′  a re  g iven  b y the  z e ros  of  
𝐻𝐻𝑟𝑟+𝑐𝑐+1(𝑞𝑞𝑚𝑚′ ) = 0. 
 
B. Classical TLM Approach 
 
If  the Hamiltonian (2.37) is averaged over the TLMs in a classical manner such 
that 𝛺𝛺R3 is replaced by the average classical TLM energy and R± replaced by the 
classical analog, that  is let  
 
 〈𝜇𝜇〉(𝑅𝑅+ +  𝑅𝑅−) =  〈𝜇𝜇〉𝑐𝑐𝑙𝑙𝑚𝑚𝑐𝑐𝑐𝑐.  
 
Then Eq. (2.37) becomes 
 
 𝐻𝐻 =  𝜔𝜔𝑎𝑎†𝑎𝑎 − 𝛾𝛾𝑎𝑎 −  𝛾𝛾∗𝑎𝑎† +  𝐻𝐻𝑚𝑚, (B.12) 
 
where 𝛾𝛾 now contains the magnitude of the total dipole moment of the TLM 
system (B.12) and 𝐻𝐻𝑚𝑚 is the average energy of the N-TLMs. Define b = a-  𝛾𝛾∗𝜋𝜋  and 
𝑏𝑏† =  (𝑏𝑏)†, then 
 
 𝐻𝐻 =  𝜔𝜔[(𝑏𝑏†𝑏𝑏) −  |𝜅𝜅|2] +  𝐻𝐻𝑚𝑚, (B.13) 
 
where |𝜅𝜅|=|𝛾𝛾∗/𝜔𝜔|.  Eq. (B.13) is recognized as the harmonic oscillator 
Hamiltonian for quasi-particles. The ground state is given by 
 
 |𝜅𝜅 > =  𝑒𝑒−|𝜅𝜅|2/2� (𝜅𝜅∗)𝑛𝑛|𝑛𝑛 >
√𝑛𝑛!∞
𝑛𝑛=0
 (B.14) 
 
with ground state energy 𝜆𝜆𝑜𝑜 =  −𝜔𝜔|?̅?𝜅|2 +  𝐻𝐻𝑚𝑚 This is , of course the displaced 
ground state oscillator solution and energy discussed by Glauber (6 ) .  The excited 
energy states are given by 
 
 |𝑚𝑚, 𝜅𝜅 > =  �𝑏𝑏†�𝑚𝑚
√𝑚𝑚!  |𝜅𝜅 > , (B.15) 
 
and the corresponding eigenvalues are 
 
 𝜆𝜆𝑚𝑚 = 𝜔𝜔(𝑚𝑚 − |?̅?𝜅|2) + 𝐻𝐻𝑚𝑚 . (B.16) 
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Equation (B.12) may also be obtained from Eq.(3.4) if the phase of the TLM  
raising and lowering operators is incorporated into 𝛾𝛾 before the TLM average is 
taken. 
Note that in this approximation r and c are no longer relevant quantum 
numbers, i .e.,  a symmetry type breaking has occurred. Essential ly, the SU (2) 
grouping of the problem has been averaged over and thereby lost.  
The average value of the positive frequency part of the field in the ground 
state is given by 
  
 〈𝜅𝜅|𝑎𝑎|𝜅𝜅〉 =  ?̅?𝜅∗ . (B.17) 
 
and the dispersion in photon number by 
 
 𝜎𝜎2 =  〈𝜅𝜅|𝑛𝑛2|𝜅𝜅〉 − (〈𝜅𝜅|𝑛𝑛|𝜅𝜅〉)2 = |?̅?𝜅|2 = nˉ A. (B.18) 
 
 
In the exact solution, the deviation from the non-interacting energies was of 
order |𝜅𝜅| and the largest dispersion in photon number for the ground state was 
approximately n/2.  In the present approximation, the energy change is  of order |𝜅𝜅|2 and the dispersion given by n. It  is therefore felt that this approximation 
does not give good estimates for ei ther the eigenstates or eigenvalues of Eq. 
(3.4) for  𝜔𝜔 =  𝛺𝛺.  Perhaps in some ensemble average of the system in question the 
present approximation is  valid; however, questions of this sort will  not be 
treated here.  
 
C. Classical Field Approach 
 
As in Section B, the electromagnetic field may be considered as classical  
in Eq. (2.37) yielding 
 
𝐻𝐻 =  𝛺𝛺𝑅𝑅3 − 𝛾𝛾𝑅𝑅+ − 𝛾𝛾∗𝑅𝑅− + 𝐻𝐻𝑓𝑓 ,                                                    (B. 19) 
 
where  𝐻𝐻𝑓𝑓 , is the average energy of the electromagnetic field and here  𝛾𝛾 contains 
the magnitude of the total  electric field. This is,  of course,  Eq.(3.4) (𝜔𝜔=𝛺𝛺) 
averaged over the field after the phase of the field has been incorporated into 𝛾𝛾.  
Again c is no longer a valid quantum number; however R2 st ill  commutes with 
Eq. (B.19). The solution to this Hamiltonian follows exactly the solution for the 
"average field approach given in Chapter V of this paper for c > r. That is 
Eq.(B.19) is broken down into the sum of individual TLMs with interaction and 
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the eigenstate and eigenvalues constructed from the single TLM solutions so 
that  r  is a good quantum number. Towards this end, Eq.(B.19) becomes 
𝐻𝐻 =  ∑ �𝛺𝛺𝑅𝑅𝑗𝑗3 −  𝛾𝛾𝑅𝑅𝑗𝑗+ −  𝛾𝛾∗𝑅𝑅𝑗𝑗−�𝑁𝑁𝑗𝑗=1   ,                                        (B.20) 
 
 where the field energy has been neglected for convenience. The states |+> and 
|->,  excited and ground states of one TLM, expressed in terms of |↑>= |1/2,  1/2> 
and |↓> = |1/2, -1/2> are 
 |+> =  �cos 𝜃𝜃 | ↑>  + sin𝜃𝜃 𝑒𝑒𝑖𝑖(𝑖𝑖−𝜑𝜑) | ↓>�,                                     (B.21 a) 
with energy 
 
𝜆𝜆+ =  𝛺𝛺2  �1 + 4|𝜅𝜅|2  ,                                                           (B .21 b) 
 
where tan 2𝜃𝜃 =  2|𝜅𝜅| and 𝜅𝜅 = |𝛾𝛾|
𝛺𝛺
 , 
 |−> =  �sin𝜃𝜃 𝑒𝑒𝑖𝑖𝜑𝜑| ↑>  + cos 𝜃𝜃 | ↓>�,                                        (B.21 c) 
with energy 
 
𝜆𝜆− = −  𝛺𝛺2  �1 + 4|𝜅𝜅|2  .                                                       (B.21 d) 
 
States of the system are given by 
 |𝑟𝑟, 𝑗𝑗 > =  1
�
(2𝑟𝑟)!
𝑗𝑗! (2𝑟𝑟 − 𝑗𝑗)! � � �𝑐𝑐𝑜𝑜𝑠𝑠
𝑗𝑗−𝑙𝑙ˊ𝜃𝜃 𝑠𝑠𝑖𝑖𝑛𝑛𝑛𝑛−+𝑙𝑙ˊ𝜃𝜃�  𝑢𝑢𝑜𝑜ˊ
𝑙𝑙ˊ=𝑑𝑑𝑜𝑜𝑑𝑑𝑛𝑛ˊ
2𝑟𝑟
𝑙𝑙=0
×  ��𝑒𝑒𝑖𝑖(𝑙𝑙+𝑙𝑙ˊ)𝑖𝑖2 � 𝑎𝑎! (2𝑟𝑟 − 𝑎𝑎)!� ÷ ��(𝑎𝑎 + 𝑎𝑎ˊ)2 � !�(𝑎𝑎 − 𝑎𝑎ˊ)2 � !�𝑗𝑗 − (𝑎𝑎 + 𝑎𝑎ˊ)2 � !�𝑛𝑛− − (𝑎𝑎 − 𝑎𝑎ˊ)2 � !�
× 𝑒𝑒𝑖𝑖(𝑛𝑛−−𝑙𝑙)𝜑𝜑� (2𝑟𝑟)!
𝑎𝑎! (2𝑟𝑟 − 𝑎𝑎)! |𝑟𝑟,𝑚𝑚 > 
(B.22) 
where  
𝑚𝑚 = r- 𝑎𝑎, (B.23a) 
and  
𝑛𝑛− = 2 r – j, (B.23b) 
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also  
down' = max (-𝑎𝑎 , 𝑎𝑎 - 2 n_) and upˊ = min (𝑎𝑎,  2 j - 𝑎𝑎) (B.23c) 
 
The energy of this state is given by 
 
𝜆𝜆𝑗𝑗 =  −(𝑟𝑟 − 𝑗𝑗)𝛺𝛺�1 + 4|𝜅𝜅|2  ,  (B.24) 
 
where j = 0 represents the ground state and j = 2 r the most excited state. Only 
for the coupling constant |𝜅𝜅| becoming very large do the eigenstates and 
eigenvalues approach the form given for the "average field approach;" therefore,  
for 𝜔𝜔=𝛺𝛺  this is  again not considered a too relevant approximation. The average 
value of m is not equal to zero for this case except for |𝜅𝜅| → ∞,  in fact,  for the 
ground state m = r (sin2 𝜃𝜃 -  cos2  𝜃𝜃).  This is  easily seen since the average for one 
TLMs in the ground state is l /2 (sin2 𝜃𝜃 -  cos2 𝜃𝜃) and the total ground state is just  
the produce of 2r of the single TLM in the ground state. This average is  
considerably more difficult to find when j≠ 0 or j  ≠ r.  
The approximations given in Sections B and C may also be obtained by 
assuming that the eigenstates are of the form 
| > =  � � 𝐴𝐴𝑛𝑛𝐵𝐵𝑚𝑚|𝑛𝑛 > |𝑟𝑟,𝑚𝑚 > 𝑟𝑟
𝑚𝑚=−𝑟𝑟
∞
𝑛𝑛=0
 (B.25)  
 
finding the energy of Eq.(3.4) with this state, and performing variational 
calculations with respect  to the field component, 𝐴𝐴𝑛𝑛∗ ,  or the TLM component,𝐵𝐵𝑚𝑚∗ .  
The eigenstates are then products of the eigenstates found in B and C and the 
eigenvalues the sum of energies, with care taken not to include the same energy 
more than once. This is again not considered appropriate and will  not  be 
discussed further.  
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APPENDIX C 
 
In this appendix a second order perturbation calculation is performed on 
the cubic term dropped from Eq.(5. 12). In order to perform this calculation, full 
use of the analogy between the harmonic oscil lator equation and Eq. (5.12) is  
utilized. The equation for the harmonic oscillator is  
 
𝑑𝑑2𝜓𝜓
𝑑𝑑𝑚𝑚2
+ 2𝜇𝜇
ћ2
�𝐸𝐸𝑛𝑛 −  12 𝜇𝜇𝜔𝜔2𝑥𝑥2�𝜓𝜓 = 0,                                                    (C .1) 
  
where 𝜔𝜔 is the circular frequency of the oscillation and μ  is  the mass of the 
particle. Let  ћ→ 1 and μ→ 1 for convenience; therefore,  
   
𝑑𝑑2𝜓𝜓
𝑑𝑑𝑚𝑚2
+ (2𝐸𝐸𝑛𝑛 −  𝜔𝜔2𝑥𝑥2)𝜓𝜓 = 0.                                                                      (C.2) 
  
This is to be compared to Eq.(5.12) 
 
  
𝑑𝑑2𝐸𝐸
𝑑𝑑𝑛𝑛2
+  �𝛼𝛼1−𝑞𝑞2
𝑞𝑞2
−  𝛼𝛼2
𝑞𝑞2
 (𝑛𝑛 − 𝑛𝑛𝑜𝑜)2� 𝐸𝐸 = 0.                                                   (C.3) 
 
The cubic term which has been dropped is of the form  − 1
𝑞𝑞2
 (𝑛𝑛 − 𝑛𝑛𝑜𝑜)3.  Using the 
correspondence between the two equations (C.2) and (C.3) requires that  
 2𝐸𝐸𝑛𝑛 =  𝛼𝛼1−𝑞𝑞2 𝑞𝑞2 , (C.4) 
 
 
and 
 
 
𝜔𝜔2 =  𝛼𝛼1
𝑞𝑞2  .                                                                                 (C.5) 
  
It  is  well  known that1 2 
 
𝐸𝐸𝑛𝑛 = 𝜔𝜔(𝑛𝑛 + 1/2).                                                                  (C.6) 
 
If a cubic term of the form bx3 is added to Eq. (C.2) then a correction to the energy (C.6) to 
second order is given by perturbation theory to be(l9) 
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𝐸𝐸𝑛𝑛 = 𝜔𝜔(𝑛𝑛 + 1/2) − 𝑏𝑏2� 12𝜔𝜔�3�30𝑛𝑛2+ 30𝑛𝑛+11�𝜋𝜋 , (ћ → 1, 𝜇𝜇 → 1).                   (C.7) 
 
Substituting for 𝜔𝜔,  b, and En 
 
 
𝛼𝛼1−𝑞𝑞2
2𝑞𝑞2
=  𝛼𝛼21/2
𝑞𝑞
 �𝑛𝑛 +  1
2
� −  1
8𝛼𝛼2
2 (30𝑛𝑛2 +  30𝑛𝑛 + 11).                              (C.8) 
  
Solving for the effective eigenvalues gives qn of the form  
 
𝑞𝑞𝑛𝑛 =  11 − 14𝛼𝛼22 (30𝑛𝑛2 +  30𝑛𝑛 + 11)�−𝛼𝛼21/2 �𝑛𝑛 +  12�
+  �𝛼𝛼2 �𝑛𝑛 +  12�2 +  𝛼𝛼1 �1 − 14𝛼𝛼22 (30𝑛𝑛2 +  30𝑛𝑛 + 11)�� 
  (C.9) 
 
This perturbation calculation is valid only as long as 
 
 (30𝑛𝑛2 +  30𝑛𝑛 + 11) < 4𝛼𝛼22 .                                              (C . 10) 
 
The values calculated from Eq. (C.9) are larger than those calculated from 
Eq.(5.16). This difference is small (lying in the third significant figure) for 
those values of n for which the harmonic oscillator approach is valid. From 
Figure 10 it can be seen that the larger values of q calculated from Eq. (C.9) do 
not agree with the exact q 's as well as the q 's  calculated with Eq. (5.16) .  
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APPENDIX D 
PROOF OF SEVERAL RELATIONS INVOLVING 
"COOPERATION NUMBER" 
Consider  a  system of N molecules in thermal equilibrium with one  
another .  The s ta tes  of  the  sys tem | r ,  m> ( 7 )  have  an  energy given  by mE 
where E is the energy level separation of one two-level mo le c u le .  The states 
also have a degeneracy given by( 7 )  
 
𝑃𝑃(𝑟𝑟) =  𝑁𝑁! (2 𝑟𝑟 + 1)
�
12  𝑁𝑁 + 𝑟𝑟 + 1� ! �12  𝑁𝑁 − 𝑟𝑟� ! (D.1) 
  
The values of m, r  are l imited by 
 |𝑚𝑚| ≤ 𝑟𝑟 ≤  𝑁𝑁2 . (D.2) 
  
Dicke states that: 
 
1. The average value of m for thermal equilibrium is  
  
m  = -NE/4kT (D.3) 
 
2 That the mean square deviation from the mean is  
 
𝑁𝑁4 −𝑚𝑚�2𝑁𝑁  (D.4) 
 
3 That for a definite value of m the mean value of r(r + 1) is 
 
𝑚𝑚2 + 𝑁𝑁2  (D.5) 
 
4 and that the mean square deviation from the mean of Eq. (D.5) is 
 
𝑁𝑁24 −  𝑚𝑚2 (D.6) 
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Proof of (1). Let 𝛽𝛽 = 𝐸𝐸
𝑘𝑘𝑇𝑇
. Then 
 
𝑚𝑚� =  ∑ 𝑁𝑁! (2 𝑟𝑟 + 1)�𝑁𝑁2 +  𝑟𝑟 + 1� ! �𝑁𝑁2 −  𝑟𝑟� !∑ 𝑚𝑚 𝑒𝑒−𝑚𝑚𝑚𝑚𝑟𝑟𝑚𝑚=−𝑟𝑟
𝑁𝑁
2
𝑟𝑟=0,12
∑ 𝑁𝑁! (2 𝑟𝑟 + 1)
�
𝑁𝑁2 +  𝑟𝑟 + 1� ! �𝑁𝑁2 −  𝑟𝑟� !∑ 𝑒𝑒−𝑚𝑚𝑚𝑚𝑟𝑟𝑚𝑚=−𝑟𝑟𝑁𝑁2𝑟𝑟=0,12
=  −𝑑𝑑
𝑑𝑑𝛽𝛽
 𝑎𝑎𝑛𝑛 ��𝑃𝑃(𝑟𝑟) � 𝑒𝑒−𝑚𝑚𝑚𝑚𝑟𝑟
𝑚𝑚=−𝑟𝑟𝑟𝑟
� (D.7) 
 
Now 
 
� 𝑒𝑒−𝑚𝑚𝑚𝑚
𝑟𝑟
𝑚𝑚=−𝑟𝑟
=  𝑒𝑒𝑟𝑟𝑚𝑚 � 𝑒𝑒−𝑚𝑚𝑚𝑚2 𝑟𝑟
𝑚𝑚=0
= 𝑒𝑒𝑟𝑟𝑚𝑚�1 − 𝑒𝑒−2(𝑟𝑟+1)𝑚𝑚�1 −  𝑒𝑒−𝑚𝑚 =  𝑆𝑆𝑖𝑖𝑛𝑛ℎ �𝑟𝑟 + 12� 𝛽𝛽𝑆𝑆𝑖𝑖𝑛𝑛ℎ 𝛽𝛽2 . 
 
 
Doing the sum over r gives 
 
 ∑ 𝑃𝑃(𝑟𝑟)𝑆𝑆𝑖𝑖𝑛𝑛ℎ �𝑟𝑟 +  12�𝑁𝑁2𝑟𝑟=0,12 𝛽𝛽
𝑆𝑆𝑖𝑖𝑛𝑛ℎ 𝛽𝛽2 =  
2−𝑑𝑑𝑑𝑑𝛽𝛽 ∑ 𝑁𝑁!𝐶𝐶𝑜𝑜𝑠𝑠ℎ �𝑟𝑟 + 12� 𝛽𝛽�𝑁𝑁2 +  𝑟𝑟 + 1� ! �𝑁𝑁2 −  𝑟𝑟 � !𝑁𝑁/2𝑟𝑟=0,1/2  
𝑆𝑆𝑖𝑖𝑛𝑛ℎ 𝛽𝛽2  (D.8) 
 
Expand the Cosh into the sum of exponential terms 
 
𝑒𝑒�𝑟𝑟+ 12�𝑚𝑚 + 𝑒𝑒−�𝑟𝑟+ 12�𝑚𝑚 2   
 
And rearrange the resulting sum (D.8), obtaining 
 
  −𝑑𝑑𝑑𝑑𝑑𝑑�∑ 𝑁𝑁!𝐸𝐸𝐸𝐸𝐸𝐸�𝑟𝑟+ 12�𝑑𝑑�𝑁𝑁2+ 𝑟𝑟+1�!�𝑁𝑁2− 𝑟𝑟 �!− (𝑁𝑁+1)!�𝑁𝑁+12 !�2𝑁𝑁/2𝑟𝑟=−(𝑁𝑁+1)/2 � 
𝑆𝑆𝑖𝑖𝑛𝑛ℎ 𝑑𝑑
2
=  −𝑑𝑑𝑑𝑑𝑑𝑑��𝑒𝑒𝑑𝑑2+ 𝑒𝑒−𝑑𝑑2�𝑁𝑁+1− (𝑁𝑁+1)!�𝑁𝑁+12 !�2� (𝑁𝑁+1)𝑆𝑆𝑖𝑖𝑛𝑛ℎ 𝑑𝑑
2
 = 
2𝑁𝑁(𝑁𝑁+1)𝑆𝑆𝑖𝑖𝑛𝑛ℎ𝑑𝑑
2
 𝐶𝐶𝑜𝑜𝑐𝑐ℎ𝑁𝑁 𝑑𝑑
2(𝑁𝑁+1)𝑆𝑆𝑖𝑖𝑛𝑛ℎ𝑑𝑑
2
=
 2𝑁𝑁𝐶𝐶𝑜𝑜𝑠𝑠ℎ𝑁𝑁 𝑚𝑚
2
 
(D.9) 
 
In the above the constant term in the square brackets is only added when N is odd. From Eq. 
(D.7) 
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𝑚𝑚� =  −𝑑𝑑
𝑑𝑑𝛽𝛽
 𝑎𝑎𝑛𝑛 ��𝑃𝑃(𝑟𝑟) � 𝑒𝑒−𝑚𝑚𝑚𝑚𝑟𝑟
𝑚𝑚=−𝑟𝑟𝑟𝑟
� =   −𝑑𝑑
𝑑𝑑𝛽𝛽
 𝑎𝑎𝑛𝑛 �2𝑁𝑁𝐶𝐶𝑜𝑜𝑠𝑠ℎ𝑁𝑁 𝛽𝛽2�
=  2𝑁𝑁 𝑁𝑁2 𝐶𝐶𝑜𝑜𝑠𝑠ℎ𝑁𝑁−1 𝛽𝛽2 𝑆𝑆𝑖𝑖𝑛𝑛ℎ 𝛽𝛽22𝑁𝑁𝐶𝐶𝑜𝑜𝑠𝑠ℎ𝑁𝑁 𝛽𝛽2 =  −𝑁𝑁2 𝑇𝑇𝑎𝑎𝑛𝑛ℎ 𝛽𝛽2 
(D.10) 
 
If 𝛽𝛽 is small, using the definition of 𝛽𝛽 gives 
 
𝑚𝑚� =  −𝑁𝑁4  𝛽𝛽 = − 𝑁𝑁𝐸𝐸4𝑘𝑘𝑇𝑇 Q.E.D. 
 
Proof of (2): 
 
𝜎𝜎2(𝑚𝑚) =  〈𝑚𝑚2 − 〈𝑚𝑚〉2〉 (D.11) 
 
Using a formulation similar to (D.7) 
 
〈𝑚𝑚2〉 =  𝑑𝑑2𝑑𝑑𝛽𝛽2 �∑ 𝑃𝑃(𝑟𝑟)∑ 𝑒𝑒−𝑚𝑚𝑚𝑚𝑟𝑟𝑚𝑚=−𝑟𝑟𝑟𝑟 �2𝑁𝑁𝐶𝐶𝑜𝑜𝑠𝑠ℎ𝑁𝑁 𝛽𝛽2 =  
2𝑁𝑁 𝑁𝑁2 𝑑𝑑𝑑𝑑𝛽𝛽 �𝐶𝐶𝑜𝑜𝑠𝑠ℎ𝑁𝑁−1 𝛽𝛽2 𝑆𝑆𝑖𝑖𝑛𝑛ℎ 𝛽𝛽2�2𝑁𝑁𝐶𝐶𝑜𝑜𝑠𝑠ℎ𝑁𝑁 𝛽𝛽2
=  𝑁𝑁 �𝐶𝐶𝑜𝑜𝑠𝑠ℎ𝑁𝑁 𝛽𝛽2 + �(𝑁𝑁 − 1)𝐶𝐶𝑜𝑜𝑠𝑠ℎ𝑁𝑁−2 𝛽𝛽2 𝑆𝑆𝑖𝑖𝑛𝑛ℎ2 𝛽𝛽2��4𝐶𝐶𝑜𝑜𝑠𝑠ℎ𝑁𝑁 𝛽𝛽2=  𝑁𝑁4 +  𝑁𝑁(𝑁𝑁 − 1)4 𝑇𝑇𝑎𝑎𝑛𝑛ℎ2 𝛽𝛽2 
(D.12) 
 
Using (D.10) 
 
𝜎𝜎2(𝑚𝑚) =  〈𝑚𝑚2 − 〈𝑚𝑚〉2〉 =  𝑁𝑁4 +  𝑁𝑁(𝑁𝑁 − 1)4 𝑇𝑇𝑎𝑎𝑛𝑛ℎ2 𝛽𝛽2 −  𝑁𝑁24 𝑇𝑇𝑎𝑎𝑛𝑛ℎ2 𝛽𝛽2=   𝑁𝑁4 −  𝑁𝑁4 𝑇𝑇𝑎𝑎𝑛𝑛ℎ2 𝛽𝛽2 = 𝑁𝑁4 −  𝑚𝑚�2𝑁𝑁  , (D.13) 
 
This is the results for 2. 
 
Proof of (3): 𝑟𝑟(𝑟𝑟 + 1)����������� for fixed m: 
 
𝑟𝑟(𝑟𝑟 + 1)����������� =  ∑ 𝑃𝑃(𝑟𝑟)𝑟𝑟(𝑟𝑟 + 1)𝑁𝑁/2𝑟𝑟=𝑚𝑚
∑ 𝑃𝑃(𝑟𝑟)𝑁𝑁/2𝑟𝑟=𝑚𝑚  (D.14) 
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The normalization is given by: 
 
� 𝑃𝑃(𝑟𝑟) =  � 𝑁𝑁! (2 𝑟𝑟 + 1)
�
𝑁𝑁2 + 𝑟𝑟 + 1� ! �𝑁𝑁2 − 𝑟𝑟� !
𝑁𝑁/2
𝑟𝑟=𝑚𝑚
𝑁𝑁/2
𝑟𝑟=𝑚𝑚
= 2 𝑁𝑁!�� �𝑁𝑁2 + 𝑟𝑟 + 1�
�
𝑁𝑁2 + 𝑟𝑟 + 1� ! �𝑁𝑁2 − 𝑟𝑟� !
𝑁𝑁/2
𝑟𝑟=𝑚𝑚
− �
𝑁𝑁 + 12 � � 1�𝑁𝑁2 + 𝑟𝑟 + 1� ! �𝑁𝑁2 − 𝑟𝑟� !
𝑁𝑁/2
𝑟𝑟=𝑚𝑚
�
= 2 𝑁𝑁!�� 1
�
𝑁𝑁2 + 𝑟𝑟� ! �𝑁𝑁2 − 𝑟𝑟� !
𝑁𝑁/2
𝑟𝑟=𝑚𝑚
− �
𝑁𝑁 + 12 � � 1�𝑁𝑁2 + 𝑟𝑟 + 1� ! �𝑁𝑁2 − 𝑟𝑟� !
𝑁𝑁/2
𝑟𝑟=𝑚𝑚
�
= 2 𝑁𝑁!
⎩
⎨
⎧ 1
�
𝑁𝑁2 + 𝑚𝑚� ! �𝑁𝑁2 −𝑚𝑚� !
+  � 1
�
𝑁𝑁2 + 𝑟𝑟 + 1� ! �𝑁𝑁2 − 𝑟𝑟 − 1� !
𝑁𝑁
2−1
𝑟𝑟=𝑚𝑚
− �
𝑁𝑁 + 12 � � 1�𝑁𝑁2 + 𝑟𝑟 + 1� ! �𝑁𝑁2 − 𝑟𝑟� !
𝑁𝑁/2
𝑟𝑟=𝑚𝑚
⎭
⎬
⎫
= 2 𝑁𝑁!� 1
�
𝑁𝑁2 + 𝑚𝑚� ! �𝑁𝑁2 −𝑚𝑚� ! −  � �𝑟𝑟 +
12�
�
𝑁𝑁2 + 𝑟𝑟 + 1� ! �𝑁𝑁2 − 𝑟𝑟� !
𝑁𝑁/2
𝑟𝑟=𝑚𝑚
�  
 
 
Thus 
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∑ 𝑃𝑃(𝑟𝑟) =  ∑ 𝑁𝑁!(2 𝑟𝑟+1)
�
𝑁𝑁
2
+𝑟𝑟+1�!�𝑁𝑁
2
−𝑟𝑟�!𝑁𝑁/2𝑟𝑟=𝑚𝑚𝑁𝑁/2𝑟𝑟=𝑚𝑚  = 𝑁𝑁!�𝑁𝑁
2
+𝑚𝑚�!�𝑁𝑁
2
−𝑚𝑚�! (D.15) 
 
Perform the sum of r(r+1) over P(r): 
 
� 𝑃𝑃(𝑟𝑟)𝑟𝑟(𝑟𝑟 + 1) =  � 𝑁𝑁! (2 𝑟𝑟 + 1)𝑟𝑟(𝑟𝑟 + 1)
�
𝑁𝑁2 + 𝑟𝑟 + 1� ! �𝑁𝑁2 − 𝑟𝑟� !
𝑁𝑁/2
𝑟𝑟=𝑚𝑚
𝑁𝑁/2
𝑟𝑟=𝑚𝑚
= 2 𝑁𝑁!�� �𝑁𝑁2 + 𝑟𝑟 + 1� 𝑟𝑟(𝑟𝑟 + 1)
�
𝑁𝑁2 + 𝑟𝑟 + 1� ! �𝑁𝑁2 − 𝑟𝑟� ! − �𝑁𝑁 + 12 �
𝑁𝑁/2
𝑟𝑟=𝑚𝑚
�
𝑟𝑟(𝑟𝑟 + 1)
�
𝑁𝑁2 + 𝑟𝑟 + 1� ! �𝑁𝑁2 − 𝑟𝑟� !
𝑁𝑁/2
𝑟𝑟=𝑚𝑚
�
= 2 𝑁𝑁!
⎩
⎨
⎧ 𝑚𝑚(𝑚𝑚 + 1)
�
𝑁𝑁2 + 𝑚𝑚� ! �𝑁𝑁2 −𝑚𝑚� !
+  � (𝑟𝑟 + 1)(𝑟𝑟 + 2)
�
𝑁𝑁2 + 𝑟𝑟 + 1� ! �𝑁𝑁2 − 𝑟𝑟 − 1� ! − �𝑁𝑁 + 12 �
𝑁𝑁
2−1
𝑟𝑟=𝑚𝑚
�
𝑟𝑟(𝑟𝑟 + 1)
�
𝑁𝑁2 + 𝑟𝑟 + 1� ! �𝑁𝑁2 − 𝑟𝑟� !
𝑁𝑁/2
𝑟𝑟=𝑚𝑚
⎭
⎬
⎫
= 2 𝑁𝑁!
⎩
⎨
⎧ 𝑚𝑚(𝑚𝑚 + 1)
�
𝑁𝑁2 + 𝑚𝑚� ! �𝑁𝑁2 −𝑚𝑚� ! +  2 � (𝑟𝑟 + 1) �
𝑁𝑁2 −  𝑟𝑟�
�
𝑁𝑁2 + 𝑟𝑟 + 1� ! �𝑁𝑁2 − 𝑟𝑟 − 1� !
𝑁𝑁
2−1
𝑟𝑟=𝑚𝑚
−  � 𝑟𝑟(𝑟𝑟 + 1) �𝑟𝑟 + 12�
�
𝑁𝑁2 + 𝑟𝑟 + 1� ! �𝑁𝑁2 − 𝑟𝑟� !
𝑁𝑁/2
𝑟𝑟=𝑚𝑚
⎭
⎬
⎫  
 
 
Therefore 
 
∑𝑃𝑃(𝑟𝑟)𝑟𝑟(𝑟𝑟 + 1) = 𝑁𝑁!𝑚𝑚(𝑚𝑚+1)
�
𝑁𝑁
2
+𝑚𝑚�!�𝑁𝑁
2
−𝑚𝑚�! + 2𝑁𝑁!  ∑ (𝑟𝑟+1)�𝑁𝑁2− 𝑟𝑟��𝑁𝑁
2
+𝑟𝑟+1�!�𝑁𝑁
2
−𝑟𝑟−1�!𝑁𝑁2−1𝑟𝑟=𝑚𝑚   
 
In a similar manner 
 
2𝑁𝑁!  � (𝑟𝑟 + 1) �𝑁𝑁2 −  𝑟𝑟�
�
𝑁𝑁2 + 𝑟𝑟 + 1� ! �𝑁𝑁2 − 𝑟𝑟 − 1� !
𝑁𝑁
2−1
𝑟𝑟=𝑚𝑚
=  𝑁𝑁!
�
𝑁𝑁2 +  𝑚𝑚� ! �𝑁𝑁2 −𝑚𝑚 − 1� ! , 
 
 
so that 
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𝑟𝑟(𝑟𝑟 + 1)����������� =  ∑𝑃𝑃(𝑟𝑟)𝑟𝑟(𝑟𝑟 + 1)
∑𝑃𝑃(𝑟𝑟) =  � 
𝑁𝑁!𝑚𝑚(𝑚𝑚 + 1)
�
𝑁𝑁2 + 𝑚𝑚� ! �𝑁𝑁2 −𝑚𝑚� ! + 𝑁𝑁!�𝑁𝑁2 +  𝑚𝑚� ! �𝑁𝑁2 −𝑚𝑚 − 1� !�
𝑁𝑁!
�
𝑁𝑁2 + 𝑚𝑚� ! �𝑁𝑁2 −𝑚𝑚� != 𝑚𝑚(𝑚𝑚 + 1) + �𝑁𝑁2 −𝑚𝑚� =  𝑚𝑚2 + 𝑁𝑁2    𝑄𝑄.𝐸𝐸.𝐷𝐷. 
(D.16) 
 
Proof of (4): 
 
In the same manner as in Part 3 
  �𝑃𝑃(𝑟𝑟)𝑟𝑟2(𝑟𝑟 + 1)2 = 𝑁𝑁!𝑚𝑚2(𝑚𝑚 + 1)2
�
𝑁𝑁2 + 𝑚𝑚� ! �𝑁𝑁2 −𝑚𝑚� ! +  2(𝑚𝑚 + 1)2𝑁𝑁!�𝑁𝑁2 +  𝑚𝑚� ! �𝑁𝑁2 −𝑚𝑚 − 1� !+  2𝑁𝑁!
�
𝑁𝑁2 +  𝑚𝑚� ! �𝑁𝑁2 −𝑚𝑚 − 2� !, 
(D.17) 
 
So that 
 
〈𝑟𝑟2(𝑟𝑟 + 1)2〉 −  〈𝑟𝑟(𝑟𝑟 + 1)〉2
=  𝑚𝑚2(𝑚𝑚 + 1)2 +  2(𝑚𝑚 + 1)2 �𝑁𝑁2 −  𝑚𝑚�2 +  2 �𝑁𝑁2 −  𝑚𝑚��𝑁𝑁2 −  𝑚𝑚 − 1�
− �𝑚𝑚2 −
𝑁𝑁2�2 =  𝑁𝑁24 −  𝑚𝑚2  𝑄𝑄.𝐸𝐸.𝐷𝐷. 
(D.18) 
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APPENDIX E. 
VALIDITY OF APPLYING A PERTURBATION CALCULATION 
TO THE DOUBLING TERMS 
 
 
A quick estimate of the validity of a perturbative treatment in estimating the 
changes to the eigenvalues and eigenfunctions is that the value of q0 |𝜅𝜅 |  must be 
less than the order of unity.  The reason for this is that the doubling terms 
connect states with the quantum number , c, differing by 2, therefore, if q0 |𝜅𝜅 | ,  
the energy difference from c for the system in a state |r ,  c, j>, were of order 2,  a 
perturbation treatment would probably be invalid.  
 
Standard Second-Order Perturbation Theory ( 1 2 )  gives a second-order correction 
to the energy of the state |r ,c,j> for β=0 of the form 
 
𝑊𝑊2 =  |𝜅𝜅|2� �〈𝑟𝑟, 𝑐𝑐, 𝑗𝑗�𝑎𝑎†𝑅𝑅+ +  𝑎𝑎𝑅𝑅−�𝑟𝑟′. 𝑐𝑐′, 𝑗𝑗′〉�2
𝑐𝑐 − |𝜅𝜅|𝑞𝑞𝑟𝑟𝑐𝑐𝑗𝑗 −  �𝑐𝑐′ − |𝜅𝜅|𝑞𝑞𝑟𝑟′𝑐𝑐′𝑗𝑗′�′𝑐𝑐′,𝑗𝑗′  (E.1) 
 
 
The prime on the summation indicates that the sum does not include the term for 
c '=c when j '=j .  Also r=r ' since R 2  commutes with the entire Hamiltonian (2.37).  
The states |r ,c,j  > and |r,c ' ,j '> are expanded in terms of |n> |r ,m> states in order 
to obtain understandable results.  
 
𝑊𝑊2
=  |𝜅𝜅|2 ��   � � � 𝐴𝐴𝑛𝑛∗𝑟𝑟,𝑐𝑐,𝑗𝑗𝐴𝐴𝑛𝑛′𝑟𝑟,𝑐𝑐′,𝑗𝑗′ �𝛿𝛿𝑛𝑛,𝑛𝑛′+1𝛿𝛿𝑐𝑐−𝑛𝑛,𝑐𝑐′−𝑛𝑛′+1√𝑛𝑛′ + 1�𝑟𝑟(𝑟𝑟 + 1) − (𝑐𝑐′ − 𝑛𝑛)(𝑐𝑐′ − 𝑛𝑛 + 1)𝑐𝑐′+𝑟𝑟
𝑛𝑛′=max (0,𝑐𝑐′−𝑟𝑟)
𝑐𝑐+𝑟𝑟
𝑛𝑛=max (0,𝑐𝑐−𝑟𝑟)
′
𝑐𝑐′,𝑗𝑗′
+ 𝛿𝛿𝑛𝑛,𝑛𝑛′−1𝛿𝛿𝑐𝑐−𝑛𝑛,𝑐𝑐′−𝑛𝑛′−1√𝑛𝑛′�𝑟𝑟(1 + 1) − (𝑐𝑐′ − 𝑛𝑛)(𝑐𝑐′ − 𝑛𝑛 − 1)��2 ÷ �𝑐𝑐 − 𝑐𝑐′ − |𝜅𝜅|�𝑞𝑞𝑟𝑟𝑐𝑐𝑗𝑗 − 𝑞𝑞𝑟𝑟𝑐𝑐′𝑗𝑗′��� 
 
(E .2)  
Since the operators only connect states with c = c’+2, Eq. (E. 2) is rewritten as the 
sum of two terms 
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𝑊𝑊2 =  |𝜅𝜅|2 ��∑ ��∑ 𝐴𝐴𝑛𝑛′+1∗𝑟𝑟,𝑐𝑐,𝑗𝑗𝐴𝐴𝑛𝑛′𝑟𝑟,𝑐𝑐+2,𝑗𝑗′𝑟𝑟+𝑐𝑐−2𝑛𝑛′=max (0,𝑐𝑐−𝑟𝑟+2) √𝑛𝑛′ + 1�𝑟𝑟(𝑟𝑟 + 1) − (𝑐𝑐 − 𝑛𝑛′ − 2)(𝑐𝑐 − 𝑛𝑛′ − 1)�2�min (2𝑟𝑟,𝑟𝑟+𝑐𝑐+2)𝑗𝑗′=0 �
�2 − |𝜅𝜅|�𝑞𝑞𝑟𝑟,𝑐𝑐,𝑗𝑗 − 𝑞𝑞𝑟𝑟,𝑐𝑐−2,𝑗𝑗′��
−  �∑ ��∑ 𝐴𝐴𝑛𝑛∗𝑟𝑟,𝑐𝑐,𝑗𝑗𝐴𝐴𝑛𝑛+1𝑟𝑟,𝑐𝑐+2,𝑗𝑗′𝑟𝑟+𝑐𝑐𝑛𝑛=max (0,𝑐𝑐−𝑟𝑟) √𝑛𝑛 + 1�𝑟𝑟(𝑟𝑟 + 1) − (𝑐𝑐 − 𝑛𝑛)(𝑐𝑐 − 𝑛𝑛 + 1)�2�min (2𝑟𝑟,𝑟𝑟+𝑐𝑐)𝑗𝑗′′=0 �
�2 − |𝜅𝜅|�𝑞𝑞 +𝑟𝑟,𝑐𝑐+2,𝑗𝑗′− 𝑞𝑞𝑟𝑟,𝑐𝑐,𝑗𝑗�� � 
(E .3)  
 
 
In order that perturbation theory be valid it is necessary that every term in the sum 
j 'or j" be less unity,  i .  e.  
 |𝜅𝜅|2 � 𝐴𝐴𝑛𝑛′+1∗𝑟𝑟,𝑐𝑐,𝑗𝑗𝐴𝐴𝑛𝑛′𝑟𝑟,𝑐𝑐+2,𝑗𝑗′
𝑛𝑛′
√𝑛𝑛′ + 1�𝑟𝑟(𝑟𝑟 + 1) − (𝑐𝑐 − 𝑛𝑛′ − 2)(𝑐𝑐 − 𝑛𝑛′ − 1)�2
<  2 − |𝜅𝜅|�𝑞𝑞𝑟𝑟,𝑐𝑐,𝑗𝑗 − 𝑞𝑞𝑟𝑟,𝑐𝑐−2,𝑗𝑗′� (E.4) 
 
 
The term on the lef t  for  j  = j '  may be thus  easi ly recognized  by inspection of 
the difference Eq. (3.4) for 𝛽𝛽 = 0 as 1
4
|𝜅𝜅|2𝑞𝑞𝑟𝑟,𝑐𝑐,𝑗𝑗 2  the largest va lue  of  which  i s  
1
4
|𝜅𝜅|2𝑞𝑞𝑟𝑟,𝑐𝑐,0 2 .  Therefore ,  for  the  ca lcu la t ion  of  𝑊𝑊2 to  be val id  
 |𝜅𝜅|2𝑞𝑞𝑟𝑟,𝑐𝑐,0 2 < 8 − 4|𝜅𝜅|�𝑞𝑞𝑟𝑟,𝑐𝑐,0 − 𝑞𝑞𝑟𝑟,𝑐𝑐−2,0� 
 
Or since 
 
𝑞𝑞𝑟𝑟,𝑐𝑐,0  ≅  𝑞𝑞𝑟𝑟,𝑐𝑐−2,0 
 
 |𝜅𝜅|𝑞𝑞𝑟𝑟,𝑐𝑐,0 ≲ 2 (E.5) 
 
Once Eq. (E.5) is  satisfied, the (E.4) is  satisfied for al l j ’ ≠ 𝑗𝑗. 
 
The  v a l i d i t y  o f  a  p e r t u r b a t i v e  t r e a t m e n t  o f  t h e  d o u b l i n g  t e r m s  f o r  a l l  
c a s e s  i s  n o t  u n d e r s t o o d  w e l l .  F o r  i n s t a n c e ,  t h e  v a l u e  o f  q o  r a n g e s  
f r o m  ( c + r )  √2𝑟𝑟.  t o  2 r√𝑐𝑐-  f o r  c + r =𝜖𝜖<<r  t o  c > > r ,  r e s p e c t i v e l y .  F r o m  
A p p e n d i x  D  i t  i s  no t e d  t h a t  t h e  a v e r a ge  v a l u e  o f  r ( r + 1 )  i s  a p p r o x i m a t e l y  
N / 2  f o r  m = 0 .  O n  t h e  o t h e r  h a n d ,  i f  m = N / 2 ,  t h e n  r = N / 2 .  F o r  s o m e  
l a s e r  a p p l i c a t i o n s ,  m  i s  v e r y  n e a r  z e r o  a n d  s l i g h t l y  p o s i t i v e  s o  t h a t  r  
≅ �𝑁𝑁/2 w h i l e  f o r  t h e  a m m o n i a  b e a m  m a s e r ,  n e a r l y  a l l  t h e  a m m o n i a  
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m o l e c u l e s  e n t e r i n g  t h e  c a v i t y  a r e  i n  t h e  u p p e r  s t a t e .  T h e r e f o r e ,  
t r e a t i n g  t h e  d o u b l i n g  t e r m s  p e r t u r b a t i v e l y  m u s t  b e  e x a m i n e d  c a r e f u l l y  
f o r  e a c h  c a s e  s i n c e  t h e  n u m b e r  o f  m o l e c u l e s  i n v o l v e d  i n  t h e  s ys t e m  m a y  
b e  g r e a t e r  t h a n  1 / |𝜅𝜅|. 
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APPENDIX F. 
ENSEMBLE AVERAGES FOR 𝑬𝑬− AND 𝑬𝑬−𝑬𝑬+ 
 
 
The ensemble average of the field operators E-(t) and E-E+(t) may be found in 
the usual  way(2 0 ) 
 
〈𝐸𝐸−(𝜕𝜕)〉 = −�𝛾𝛾
𝜇𝜇
��(𝑛𝑛 + 1)1/2〈𝑛𝑛�𝜌𝜌𝑓𝑓(𝜕𝜕)�𝑛𝑛 + 1〉,∞
𝑛𝑛=0
 (F.1a) 
 
and 
 
〈𝐸𝐸−𝐸𝐸+(𝜕𝜕)〉 = �𝛾𝛾
𝜇𝜇
�
2
�𝑛𝑛〈𝑛𝑛�𝜌𝜌𝑓𝑓(𝜕𝜕)�𝑛𝑛〉,∞
𝑛𝑛=0
 (F.1b) 
 
 
where only one mode of the field is excited, 𝛾𝛾 is the complex coupling constant,  
and 𝜇𝜇 the dipole moment of the TLM with which the field is interacting. The 
element of the field density matrix is  given by the trace over the TLM states 
 
〈𝑛𝑛�𝜌𝜌𝑓𝑓(𝜕𝜕)�𝑛𝑛′〉 = �𝑃𝑃(𝑟𝑟)
𝑟𝑟,𝑚𝑚 〈𝑛𝑛|〈𝑟𝑟,𝑚𝑚|𝜌𝜌(𝜕𝜕)|𝑟𝑟,𝑚𝑚〉|𝑛𝑛′〉 (F.2) 
 
where 
 
𝑃𝑃(𝑟𝑟) = 𝑁𝑁! (2𝑟𝑟 + 1)
�
𝑁𝑁2 + 𝑟𝑟 + 1� ! �𝑁𝑁2 − 𝑟𝑟� ! (F.3) 
 
 
and 𝜌𝜌(𝜕𝜕) is  given by a unitary transformation of the density operator at  time to  =0 
when it is assumed that the N-TLMs and radiation field are not interacting! 
Therefore 
 
𝜌𝜌(𝜕𝜕) = 𝑈𝑈(𝜕𝜕)𝜌𝜌(0)𝑈𝑈−1(𝜕𝜕), (F.4) 
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and 
 
𝑈𝑈(𝜕𝜕) = 𝑒𝑒𝑖𝑖𝑖𝑖𝑡𝑡, (F.5) 
 
 
where H is given by Eq. (3.4) for 𝛽𝛽 = 0.  
Since the system is non-interacting at  time zero, the density operator is a 
direct product of the field part and N-TLM part  of the system. 
 
𝜌𝜌(0) = 𝜌𝜌𝑓𝑓 𝑥𝑥 𝜌𝜌𝑇𝑇 (F.6) 
 
 
Therefore,  expanding Eq.  (F.2)  in  te rms of  | r ,c , j> s tates ,  
 
〈𝑛𝑛�𝜌𝜌𝑓𝑓(𝜕𝜕)�𝑛𝑛′〉 =  �𝑃𝑃(𝑟𝑟) � � 〈𝑛𝑛 �〈𝑟𝑟,𝑚𝑚�𝑒𝑒−𝑖𝑖𝑖𝑖𝑡𝑡�𝑟𝑟′, 𝑐𝑐′, 𝑗𝑗′〉〈𝑟𝑟′, 𝑐𝑐′, 𝑗𝑗′|𝜌𝜌(0)|𝑟𝑟′′, 𝑐𝑐′′, 𝑗𝑗′′〉 〈𝑟𝑟′′, 𝑐𝑐′′, 𝑗𝑗′′ ��𝑒𝑒𝑖𝑖𝑖𝑖𝑡𝑡�� 𝑟𝑟,𝑚𝑚〉� 𝑛𝑛′〉 .
𝑟𝑟′′,𝑐𝑐′′,𝑗𝑗′′𝑟𝑟′,𝑐𝑐′,𝑗𝑗′𝑟𝑟,𝑚𝑚  (F .7 )  
 
 
Consider the factors in Eq. (F.7) separately 
 
 < 𝑛𝑛|〈𝑟𝑟,𝑚𝑚�𝑒𝑒−𝑖𝑖𝑖𝑖𝑡𝑡�𝑟𝑟′, 𝑐𝑐′, 𝑗𝑗′〉 =  � 𝐴𝐴𝑛𝑛𝑟𝑟,𝑐𝑐,𝑗𝑗〈𝑟𝑟, 𝑐𝑐, 𝑗𝑗�𝑒𝑒−𝑖𝑖𝑖𝑖𝑡𝑡�𝑟𝑟′, 𝑐𝑐′, 𝑗𝑗′〉min (2𝑟𝑟,𝑟𝑟+𝑐𝑐)
𝑗𝑗=0=𝐴𝐴𝑛𝑛𝑟𝑟,𝑐𝑐,𝑗𝑗𝑒𝑒−𝑖𝑖𝑡𝑡�𝑐𝑐−|𝜅𝜅|𝑞𝑞𝑟𝑟𝑟𝑟𝑟𝑟�𝛿𝛿𝑟𝑟𝑟𝑟′𝛿𝛿𝑐𝑐𝑐𝑐′𝛿𝛿𝑗𝑗𝑗𝑗′ (F.8) 
 
 
where c=n+m. Similarly 
 
〈𝑟𝑟′′, 𝑐𝑐′′, 𝑗𝑗′′�𝑒𝑒𝑖𝑖𝑖𝑖𝑡𝑡�𝑟𝑟,𝑚𝑚〉|𝑛𝑛′ >=  𝐴𝐴𝑛𝑛′∗𝑟𝑟,𝑐𝑐′,𝑗𝑗′𝑒𝑒𝑖𝑖𝑡𝑡�𝑐𝑐′−|𝜅𝜅|𝑞𝑞𝑟𝑟𝑟𝑟′𝑟𝑟′�𝛿𝛿𝑟𝑟′′𝑟𝑟𝛿𝛿𝑐𝑐′′𝑐𝑐𝛿𝛿𝑗𝑗′′𝑗𝑗 (F.9) 
 
 
where c '=n'+m. 
 
Also 
 
〈𝒓𝒓, 𝒄𝒄, 𝒋𝒋|𝝆𝝆(𝟐𝟐)|𝒓𝒓, 𝒄𝒄′, 𝒋𝒋′〉 =  � � 𝑨𝑨𝒏𝒏′′∗𝒓𝒓,𝒄𝒄,𝒋𝒋𝒄𝒄′+𝒓𝒓
𝒏𝒏′′′=𝒎𝒎𝒎𝒎𝒆𝒆[𝟐𝟐,𝒄𝒄′−𝒓𝒓]
𝐜𝐜+𝐫𝐫
𝒏𝒏′′=𝒎𝒎𝒎𝒎𝒆𝒆[𝟐𝟐,𝒄𝒄−𝒓𝒓] 𝑨𝑨𝒏𝒏′′′𝒓𝒓,𝒄𝒄′,𝒋𝒋′〈𝒓𝒓, 𝒄𝒄 − 𝒏𝒏′′|〈𝒏𝒏′′|𝝆𝝆(𝟐𝟐)|𝒏𝒏′′′〉|𝒓𝒓, 𝒄𝒄′ − 𝒏𝒏′′′〉 (F .10 )  
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Therefore Eq. (F.7) becomes 
 
〈𝑛𝑛�𝜌𝜌𝑓𝑓(𝜕𝜕)�𝑛𝑛′〉 = �𝑃𝑃(𝑟𝑟) �  �  �  �  𝑐𝑐′+𝑟𝑟
𝑛𝑛′′′=𝑚𝑚𝑚𝑚𝑚𝑚[0,𝑐𝑐′−𝑟𝑟]
𝑐𝑐+𝑟𝑟
𝑛𝑛′′=𝑚𝑚𝑚𝑚𝑚𝑚[0,𝑐𝑐−𝑟𝑟]
𝑚𝑚𝑖𝑖𝑛𝑛�2𝑟𝑟,𝑐𝑐′+𝑟𝑟�
𝑗𝑗′=0
𝑚𝑚𝑖𝑖𝑛𝑛[2𝑟𝑟,𝑐𝑐+𝑟𝑟]
𝑗𝑗=0𝑟𝑟,𝑚𝑚× 𝐴𝐴𝑛𝑛𝑟𝑟,𝑐𝑐,𝑗𝑗𝐴𝐴𝑛𝑛′∗𝑟𝑟,𝑐𝑐′,𝑗𝑗′𝐴𝐴𝑛𝑛′′∗𝑟𝑟,𝑐𝑐,𝑗𝑗𝐴𝐴𝑛𝑛′′′𝑟𝑟,𝑐𝑐′,𝑗𝑗′
× 𝑒𝑒−𝑖𝑖𝑡𝑡�𝑛𝑛−𝑛𝑛′−|𝜅𝜅|�𝑞𝑞𝑟𝑟,𝑟𝑟,𝑟𝑟−𝑞𝑞𝑟𝑟,𝑟𝑟′,𝑟𝑟′��〈𝑟𝑟, 𝑐𝑐 − 𝑛𝑛′′|〈𝑛𝑛′′|𝜌𝜌(0)|𝑛𝑛′′′〉|𝑟𝑟, 𝑐𝑐′ − 𝑛𝑛′′′〉  
(F.11) 
 
 
where c=n+m and 𝑐𝑐′=𝑛𝑛′+m. Applying (F.11) to Eq. (F.1),  the desired ensemble 
averages are obtained 
 
〈𝑬𝑬−(𝒕𝒕)〉 = −�𝜸𝜸
𝝁𝝁
�𝒆𝒆𝒊𝒊𝒕𝒕��𝑷𝑷(𝒓𝒓) � �  �   𝒎𝒎𝒊𝒊𝒏𝒏[𝟐𝟐𝒓𝒓,𝒄𝒄+𝟏𝟏+𝒓𝒓]
𝒋𝒋′=𝟐𝟐
𝒎𝒎𝒊𝒊𝒏𝒏[𝟐𝟐𝒓𝒓,𝒄𝒄+𝒓𝒓]
𝒋𝒋=𝟐𝟐
𝒓𝒓
𝒎𝒎=−𝒓𝒓𝒓𝒓
∞
𝒏𝒏=𝟐𝟐
×  �   �  (𝒏𝒏 + 𝟏𝟏)𝟏𝟏/𝟐𝟐 𝑨𝑨𝒏𝒏𝒓𝒓,𝒄𝒄,𝒋𝒋𝑨𝑨𝒏𝒏′∗𝒓𝒓,𝒄𝒄+𝟏𝟏,𝒋𝒋′𝑨𝑨𝒏𝒏′′∗𝒓𝒓,𝒄𝒄,𝒋𝒋𝑨𝑨𝒏𝒏′′′𝒓𝒓,𝒄𝒄+𝟏𝟏,𝒋𝒋′𝒄𝒄+𝟏𝟏+𝒓𝒓
𝒏𝒏′′′=𝒎𝒎𝒎𝒎𝒆𝒆[𝟐𝟐,𝒄𝒄+𝟏𝟏−𝒓𝒓]
𝒄𝒄+𝒓𝒓
𝒏𝒏′′=𝒎𝒎𝒎𝒎𝒆𝒆[𝟐𝟐,𝒄𝒄−𝒓𝒓]× 𝒆𝒆𝒊𝒊𝒕𝒕|𝜿𝜿|�𝒒𝒒𝒓𝒓,𝒄𝒄,𝒋𝒋−𝒒𝒒𝒓𝒓,𝒄𝒄+𝟏𝟏,𝒋𝒋′�〈𝒓𝒓, 𝒄𝒄 − 𝒏𝒏′′|〈𝒏𝒏′′|𝝆𝝆(𝟐𝟐)|𝒏𝒏′′′〉|𝒓𝒓, 𝒄𝒄 − 𝒏𝒏′′′〉  
(F.12) 
 
Where we set  𝑐𝑐′=c+1 and again c=n+m. Also 
 
 
〈𝐸𝐸−𝐸𝐸+(𝜕𝜕)〉 = �𝛾𝛾
𝜇𝜇
�
2
��𝑃𝑃(𝑟𝑟) � �  �   𝑚𝑚𝑖𝑖𝑛𝑛[2𝑟𝑟,𝑐𝑐+𝑟𝑟]
𝑗𝑗′=0
𝑚𝑚𝑖𝑖𝑛𝑛[2𝑟𝑟,𝑐𝑐+𝑟𝑟]
𝑗𝑗=0
𝑟𝑟
𝑚𝑚=−𝑟𝑟𝑟𝑟,𝑚𝑚
∞
𝑛𝑛=0
×  � � (𝑛𝑛) 𝐴𝐴𝑛𝑛𝑟𝑟,𝑐𝑐,𝑗𝑗𝐴𝐴𝑛𝑛′∗𝑟𝑟,𝑐𝑐,𝑗𝑗′𝐴𝐴𝑛𝑛′′∗𝑟𝑟,𝑐𝑐,𝑗𝑗𝐴𝐴𝑛𝑛′′′𝑟𝑟,𝑐𝑐,𝑗𝑗′𝑐𝑐+𝑟𝑟
𝑛𝑛′′′=𝑚𝑚𝑚𝑚𝑚𝑚[0,𝑐𝑐−𝑟𝑟]
𝑐𝑐+𝑟𝑟
𝑛𝑛′′=𝑚𝑚𝑚𝑚𝑚𝑚[0,𝑐𝑐−𝑟𝑟]× 𝑒𝑒𝑖𝑖𝑡𝑡|𝜅𝜅|�𝑞𝑞𝑟𝑟,𝑟𝑟,𝑟𝑟−𝑞𝑞𝑟𝑟,𝑟𝑟,𝑟𝑟′�〈𝑟𝑟, 𝑐𝑐 − 𝑛𝑛′′|〈𝑛𝑛′′|𝜌𝜌(0)|𝑛𝑛′′′〉|𝑟𝑟, 𝑐𝑐 − 𝑛𝑛′′′〉  
(F.13) 
where this time c'=c.  
 
As is seen, these equations are quite complicated and to use the general  
expressions would be prohibit ive except for the simplest of cases.  Both Eqs.  
 110 
 
(F.12) and (F.13) may, of course, be rewrit ten in terms of sin 's  and cos 's by 
taking advantage of the symmetry about "c" in the sums over j and j ' .  It  is noted 
that some simplification is possible by retaining only terms which have the 
"slowest" time dependence. This is possible because of the orthogonality 
between states of different j  and/or n subscripts.  
 
For the particular case of no photons init ially in the field and all of the TLMs in 
the excited state, the equations for <E-> and <E-E+> have a considerably simpler  
form. Since 
 
〈𝑛𝑛|〈𝑟𝑟, 𝑐𝑐 − 𝑛𝑛|𝜌𝜌(0)|𝑟𝑟, 𝑐𝑐′ − 𝑛𝑛′〉|𝑛𝑛′〉 =  𝛿𝛿𝑛𝑛′,0𝛿𝛿𝑐𝑐,𝑟𝑟𝛿𝛿𝑐𝑐,𝑐𝑐′𝛿𝛿𝑛𝑛′,𝑛𝑛 (F.14) 
 
 
the average of E(t) is  equal to zero and 
 
〈𝐸𝐸−𝐸𝐸+(𝜕𝜕)〉 =  �𝛾𝛾
𝜇𝜇
�
2
�𝑃𝑃(𝑟𝑟) � � 𝐴𝐴𝑟𝑟−𝑚𝑚𝑟𝑟,𝑟𝑟,𝑗𝑗2𝑟𝑟
𝑗𝑗,𝑗𝑗′=0
𝑟𝑟
𝑚𝑚=−𝑟𝑟
𝐴𝐴𝑟𝑟−𝑚𝑚
∗𝑟𝑟,𝑟𝑟,𝑗𝑗′𝐴𝐴0∗𝑟𝑟,𝑟𝑟,𝑗𝑗𝐴𝐴0𝑟𝑟,𝑟𝑟,𝑗𝑗′
𝑟𝑟
𝑒𝑒𝑖𝑖𝑡𝑡|𝜅𝜅|�𝑞𝑞𝑟𝑟,𝑟𝑟,𝑟𝑟−𝑞𝑞𝑟𝑟,𝑟𝑟,𝑟𝑟′� . (F.15) 
 
 
